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1. Introduction

These are some notes on basic control systems that we gleaned from a conversation with Prof. Stephen Morse, and from vague recollections of control systems courses that each of us took (in one case almost 30 years ago ().  The notes are presented entirely through a working example: the design and analysis of a simplified cruise control of a car.

Two key properties of control systems are stability and accuracy.  Stability refers to the ability of a system to converge smoothly to a desired steady-state behavior.  Accuracy refers to our ability to control exactly what that steady-state will be.  In the case of a car’s cruise control, we would like the car to approach the desired speed smoothly and accurately, and once at the correct speed, we do not want it to waver (oscillate) or exhibit some other kind of unstable behavior.  Control theory provides a beautiful mathematical explanation of things like stability, but we will not pursue that here: instead, we will settle for intuitive explanations.

2. Open Loop Model

To start, let's look at an “open-loop” model of the car as it travels along the highway.  The relevant parameters are:

· The fixed mass m of the car.

· The time-varying velocity v of the car.

· A (possibly time-varying) drag factor w (caused by wind resistance and road friction) that induces a negative force wv on the car.

· A force u to accelerate the car (i.e. the force induced by the car's engine).

Figure 1 shows this situation schematically.

Newton's law tells us that F = ma, although we will prefer to stay in the velocity domain by treating acceleration as the derivative of velocity, dv/dt, which we will write more simply as 
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Figure 2 depicts equation (1), a first-order differential equation, as a signal flow diagram.  We will refer to this overall diagram as the model in subsequent diagrams.


Figure 1: A Simple Car

This system is naturally (and obviously) stable:  If u is greater than wv, the car will accelerate, thus increasing v.  But then eventually u ( wv will become zero (assuming that w>0), and thus so will the acceleration.  But if the acceleration is zero, then the velocity will no longer change, so u ( wv will remain zero as well. A similar argument holds for the case where u is less than wv.  In both cases the system reaches equilibrium, a “steady-state” in which the acceleration is zero, at which point the velocity v can be seen to be:

v = u / w







(2)
So, if we know w and can control u, we can set the speed of the car to anything we'd like.

This is all well and good, but there is one serious problem: we don't know what w is in advance, because it depends on the wind, the incline of the road, etc.  So we can't very well pre-determine u to give us some desired speed.  We would much prefer a control system that is independent of w.


Figure 2: Kinematics of a Simple Car

3. Closed Loop Control

What we need is an explicit notion of the “desired speed,” some way to compare it to the actual speed, and some automatic mechanism to adjust u until the actual speed is equal to the desired speed.  This is achieved using feedback; that is, feeding part of the system state back to the control system that is driving it, which is why it's also called a closed-loop control system.  The idea is perhaps best shown graphically, as in Figure 3, in which the black-box “model” represents the diagram of Figure 2 (i.e. it is the “plant model” of the physical system that we are trying to control).

Note in this figure the circle on the left, which subtracts the actual velocity from the desired velocity, yielding an error signal e = vd ( v.  The input to the model, u, is taken from equation (1).  The middle box multiplies the error by a gain factor g.  Thus this diagram can be summarized by the equation:
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This system is better than the previous one, primarily because we can now specify, dynamically, the desired velocity.  But let’s examine it a bit further.  It is certainly still stable, as long as g + w is positive, by the same argument that we gave earlier.  In the stable state, 
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 will again be zero, leading to this expression for v:

v  =  g vd  /  (g + w)






(4)



Figure 3:  Closed Loop Controller

Equation (4) is an improvement over (2) in that it doesn’t depend on u, but we have perhaps not completely achieved our goal, in that the system is not particularly accurate: according to equation (4), v will not be equal to vd unless g is infinitely large.  We might get close to the correct result if g is made very large, but in practice this is not always possible due to limitations on physical devices.  So now what do we do?

4. Second-Order Closed-Loop Control

The solution is to add an integrator into the loop, as shown in Figure 4.  The intuition is simple: in the steady-state situation, the input to the integrator must be zero, which means that vd ( v must be zero, and thus we have achieved the desired velocity exactly.  More formally, it is not hard to see that the diagram in Figure 4 corresponds to the equation:
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or:
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(5)
This is a second-order differential equation.  Is it stable?  Yes, although the intuition is not as strong.  We can at least see that if there is no acceleration on the car (i.e. 
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, a very happy situation.  So with this second-order control system, we have achieved both stability and accuracy.

A third property of control systems that we have not addressed is the speed at which the system converges to the steady state.  Indeed, one might worry that the second-order system might not converge as fast as the first-order system, even if it is more accurate.  The convergence rate can be varied by a number of factors, but a key one is the parameter g, called the gain of the system.  For suitable values of g, the system can usually be made to respond with adequate speed.  We will study this issue further in the next section.


Figure 4: A Second-Order Controller

5. Differential Equations

For the control system in the previous section, exactly how does the value of g affect the system behavior?  Is it better to make g larger or smaller?  Can we determine the optimal value of g (optimal in the sense that the system converges fastest) if we know m and w?  Or does this optimal value depend on vd also?  To answer these questions, we will take a brief look at the theory of linear differential equations.

First-Order Differential Equations

The simplest kind of differential equation has the form
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(6)

where a and b are constants, and x is a function of time.  This is called a first-order differential equation.  One thing to note is that (6) does not have a unique solution.  Instead, it has an infinite number of solutions.  Then, one might ask, how can we possibly find all the solutions to (6)?

Suppose that x1(t) and x2(t) are solutions to (6), i.e.:
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By subtracting these two equations, we can see that xh(t), the difference between x1(t) and x2(t), satisfies 
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Equation (7) is called the homogeneous equation of (6).  It can be shown that the general solution to this homogeneous equation is:
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where c1 is an arbitrary constant.  

Now note that 
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 is a trivial solution to (6).  A general solution to (6) is thus:
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When a > 0, the system is stable and converges to b/a.  Furthermore, the larger a is, the faster the convergence will be.

Second-Order Differential Equations

Our cruise control system in section 4 is second-order.  In general, a second-order differential equation has the form:
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The characteristic equation of such a formula is:
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whose roots are:
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where 
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.  The characteristic equation can be derived from the homogeneous equation, but the details do not concern us here.  The key point is that, depending on the sign of (, the system will exhibit one of three different behaviors:

1. ( > 0: s1 and s2 are both real numbers.  The solution to (10) is then:
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It is easy to see that x(t) converges (to c/b) if s1 and s2 are both negative; i.e. when both a and b are positive.  In this case, the system does not over-shoot, but the convergence is over-damped, meaning that it takes a longer time than necessary for the system to become stable.  This situation is shown in Figure 5.


Figure 5: An Over-Damped Second-Order System

2. ( = 0: s1 and s2 are equal.  The solution to (10) is then:
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Here x(t) converges whenever a > 0, and the convergence is critically damped, which basically means that the system reaches it final value in the minimal amount of time.  Critical damping may or may not overshoot the final value, but there will be no oscillation.  Critical damping should be thought of as an “optimal” solution that differentiates between over- and under-damping.  Figure 6 depicts this result.


Figure 6: An Critically Damped Second-Order System

3. ( < 0:  s1 = u​​​ – i(, and s2 = u​​​ + i(.  The solution is then:
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where ( is some constant.  This system oscillates, but it will eventually converge if u < 0.  This situation is shown graphically in Figure 7.






Figure 7: An Under-damped Second-Order System

In all three cases, the convergence condition can be summarized as a > 0 and b > 0.  The constants c1, c2, or ( can be determined by knowing specific values of the function (e.g. the initial value).

6. An Optimal Cruise Control System

Now that we understand how the parameters affect the behavior of a second-order system, let’s find the optimal value for g in section 4.

Dividing (5) by m, we get
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When w > 0 and g > 0, we have w/m > 0 and g/m > 0, which means the system is stable (recall the convergence condition of a second-order system).  This coincides with our intuition in section 4.

Now let’s study 
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1. g = w2/4m:  ( = 0.  The system is critically damped.

2. g < w2/4m:  ( > 0.  The system is under-damped.

3. g > w2/4m:  ( < 0.  The system is over-damped.

So we conclude that w2/4m is the “optimal” value for g.  Note that this value does not depend on vd, which is very pleasing.

Our analysis is based on the assumption that w is a constant, which is not true in practice.  This is not as severe a problem as one might suspect, because the system is always stable as long as w > 0.  The fluctuation of w will affect the speed of the convergence and whether the system overshoots or undershoots the target speed.  In any case, we can pick an average value for w, to ensure that the system is close to optimal most of the time.
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