CS 430: Formal Semantics Assignment 1 Sample Solution
Prepared by: Shu-Chun Weng

A.2
SO X Sl and Sl X SO

Define p to be a function from Sy x S7 to Sy X §:
P = {[<80751>, <Sl,80>} | S0 € SO and S1 € Sl}

Then
pT = {[<81750>7 <80731>] | So € S() and S1 € Sl}

is a well defined function from S; x Sy to Sy x Si, so p is an isomorphism.

(S() X Sl) X SQ and S() X (Sl X SQ)
Define p to be a function from (Sy x S7) x Sy to Sy x (S7 X Sy):
P = {[<<50,81>,82>, <80, <81,82>>] ’ So € SQ,Sl < Sl and Sy € SQ}

Then
pT = {[<80, <81,52>>, <<50,81>,82>] ’ So € 50,81 c Sl and So € SQ}

is a well defined function from Sy x (S7 X S3) to (Sy X S1) X Sz, so p is an isomorphism.

So + 51 and S; + 5
Define p to be a function from Sy + S7 to S1 + Sp:
p=A{[0,z),(Lz)] [z € S} U{[(1,2),(0,z)] | x € 51}

Then
ph={[(1,2),(0,2)] | = € So} U{[(0,2), (1, 2)] | z € S}

is a well defined function from S; + Sy to Sy + 51, so p is an isomorphism.
(S() + Sl> + Sy and Sy + (Sl + SQ):

Define p to be a function from (Sy + S1) + Sz to Sp + (S1 + S2):

p={[{0,(0,2)),(0,2)] | z € So}U{[{0, (1, 2)), (1, (0, z))] | x € S1}U{[(1,2), (1, (L, 2))] | = € Sa}
Then

pt = {[{0,2),{0,(0,2))] | = € S pU{[{L, {0, 2)), {0, (1, )] | & € SLPU{[(1, (L, 2)), (L,x)] | = € S}
is a well defined function from Sy + (S7 + S2) to (Sp + S1) + 52, so p is an isomorphism.
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A.3(b)

Define

Then
(NR) - (NR) ={} - R ={}
but
N{p-p'|peRand pe R} =n{[0:1],[0:1]} =1[0:1] # (NR) - (NR')

A.5

Let

p1 = {[n,2n] | ne N}

p2 = {[n,2n] |ne N} U{[n,2n+1] | n € N}

p3 = {[2n,2n] | n € N} U{[2n,2n + 1] | n € N}

ps = {2n,2n+ 1] |ne N}U{[2n+ 1,2n| | n € N}
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pr-p1 = {[n,4n]|n € N}



p2-pa = {[n,4dn]|ne N}YU{[n,dn+ 1] | n e N}U{[n,4n+ 2] | n € N} U{[n,4n + 3] | n € N}
p3-pP3 = P3
pa-ps = IN

pi = {2n,n]|neN}

p£ = {[2n,n] |n e N}U{[2n+1,n] |n € N}

p;r,, = {[2n,2n] |n e N} U{[2n+1,2n] | n € N}

Py = P4
pi(x) = 2z
ps(r) = if even z then z+ 1 else z — 1
ph(z) = if even z then z/2 else (z —1)/2
pi(z) = if even x then z else = — 1
pi(z) = if even x then 41 else 2 — 1

A.6(b)

“=" By definition, for any pair [x,y] € p- pf, there should exists an z such that [z, 2] € pT,
which implies [2/, 2] € p, and [2/,y] € p. Given that p is a partial function, [',y] € p
and [2/, 2] € p means y = z. So all the pairs in p- p' are of the form [x,z], p- p' C Ig.

“<” Suppose that p is not a partial function, i.e. exists z € S and y1,y2 € S’, y1 # ¥y, such
that both [z,y;] and [z, y.] are in p. Since [y1,z] € p' and [z, 4] € p, [y1,42] €Ep-p' &
Ig.

A.7

(a) Since z is an upper bound of {z,y} and 2’ is a least upper bound, by definition, 2’ C z.
Similarly, 2z’ being an upper bound and z being a least upper bound, z C 2’. But
since C is a partial order, it’s antisymmetric, and the only possibility for both of the
relations hold is z = 2.

(b) Since z is the least upper bound of X, for all the upper bounds y € Y, z C y, thus
x is a lower bound of Y. To prove that it’s the greatest one, consider a z which is a
lower bound of Y. Observe that x itself is also a upper bound of X, so z € Y, which
means that z C z holds since z is a lower bound of Y. Because that z T x holds for
arbitrary lower bound z, x is the greatest lower bound of Y.

(c) Firstly assume
u=| {ux|Xeax}
exists. Then for every x € UX, there exists X € X such that x € X. But
tCUX Cu



which means z is also an upper bound of UX. To prove that it’s the least one, suppose
there is a u/ which is a upper bound of UX. Then it is also upper bounds of all the
X € X, so UX C «/. Again, it means that «’ is a upper bound of {LUX | X € X},
which means u C ' as u being the least upper bound of it.

u’:|_|UX

exists. By the same reason in the previous paragraph, u’ is also an upper bound of
{UX | X € X}. Suppose there is a u which is an upper bound of {UX | X € X'}, we
can show, as in the previous paragraph, that u is also an upper bound of UUAX and by
the leastness concludes that ' T u and «' is the least upper bound of {LIX | X € X'}.

On the other hand, assume

1.2

a) deccaxXc=b

()

(b) I Ad.axl =bAhaxd =c

(c) I 3daxb =bAaxd=cAVd.(F"3".d xb"=bANd xV' =b)=d <a
)

(d) YaVbaxb=p=(a=1Vb=1)or
—p=1AVa.(Fb.axb=p)=(a=1Va=p)



