Spectral Graph Theory Lecture 4

Courant-Fischer and Graph Coloring
Daniel A. Spielman September 11, 2009

4.1 Eigenvalues and Optimization

I cannot believe that I have managed to teach three lectures on spectral graph theory without
giving the characterization of eigenvalues as solutions to optimization problems. It is one of the
most useful ways of understanding eigenvalues of symmetric matrices.

To begin, let A be a symmetric matrix with eigenvalues

a1 > Qg 2 2 Oy,

and corresponding orthonormal eigenvectors vy, ..., v,.
Lemma 4.1.1.
zl Az
Q] = max ———.
r xlx

The ratio on the right-hand side of this expression is called the Rayleigh quotient of x with respect
to A.

Proof. As the eigenvectors provide an orthonormal basis, we may expand x in this basis to obtain

T = E c;v;, Where ci:v;fra:.

%

We then have

xT Az = (Z cm)TA (Z cm)
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where in the last equality we have exploited the orthormality of the vectors vy, ..., v,. Similarly,

4-1

we have
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So, for every x

T 2 2 2
z Az Yo Y cian 2 G
T, 5 = 5 T 1 7 = Q1.
-z i G i G 26
Observe that the maximum of «; is actually achieved by = = v;. O

We may similarly characterize the other eigenvalues. The kth eigenvalue is obtained by taking the

maximum over vectors orthogonal to v1,...,vr_1:
Lemma 4.1.2. Let T} be the space of vectors orthogonal to v1,...,vp_1. Then,
xl Az
Q) = max ———.
zeT, zlx

Proof. First observe that the value of oy is achieved by setting & = vi. Next, expand « in the
basis of eigenvectors as before, but exploit the fact that 7 v; = ¢; = 0, for i < k. So, for every x
orthogonal to vy,...,vi_1,

:ETAIE _ 2?21 C?Oéi _ Z?:k C%O&i < akm =
2T ~ Y d T Yid L

4.2 Graph Coloring and oy

Last class, we proved that for the adjacency matrix Ag of a graph G, «y is at most the maximum
degree of a vertex in G. Lemma 4.1.1 provides an easy way of proving a lower bound on «1: just
compute the Rayleigh quotient for some vector .

Lemma 4.2.1. Let Ag be the adjacency matriz of an unweighted graph G. Then o is at least the
average degree of the vertices in G.

Proof. Let d denote the vector of degrees of vertices in G, so d(i) is the degree of vertex i. Now,
take the Rayleigh quotient of the all-1s vector. We find

Q1 = max
T

zTAz  1T41 17d 1
zTe — 171 n n ZZ: Q

O]

While we may think of a; as being a related to the average degree, it does behave differently. In
particular, if we remove the vertex of smallest degree from a graph, the average degree can increase.
On the other hand, a; can only decrease when we remove a vertex. Let’s prove that now.

Lemma 4.2.2. Let A be a symmetric matriz, let B be the matriz obtained by removing the last
row and column from A, and let By be the largest eigenvalue of B. Then,

ar > .
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Proof. For any vector y € IR" ™!, we have

o= () (1)

So, for y an eigenvector of B of eigenvalue (3,

O

Of course, this holds regardless of which row and column we remove, as long as they are the same
row and column.

Recall that a k-coloring of a graph G = (V, E) is a function ¢ : V' — {1,...,k} such that
c(i) # c(j), for all (i,5) € E.

The chromatic number of a graph G, written x(G), is the least k for which G has a k-coloring. We
will now prove a theorem of Wilf.

Theorem 4.2.3.
X(G) < ] +1.

Proof. We prove this by induction on the number of vertices in the graph. To ground the induction,
consider the graph with one vertex and no edges. It has chromatic number 1 and largest eigenvalue
zero'. Now, assume the theorem is true for all graphs on n — 1 vertices, and let G be a graph on
n vertices. By Lemma 4.2.1, G has a vertex of degree at most |«;|. Let v be such a vertex and
let G — {v} be the graph obtained by removing this vertex. By Lemma 4.2.2 and our induction
hypothesis, G —{v} has a coloring with at most |a;|+1 colors. Let ¢ be any such coloring. We just
need to show that we can extend ¢ to v. As v has at most |«; ]| neighbors, there is some color in
{1,..., |a1] + 1} that does not appear among its neighbors, and which it may be assigned. Thus,
G has a coloring with |a;| + 1 colors. O

This is an improvement over the classical result x < d;,q + 1, as there are graphs for which «; is
much less than d,,,;. For example, for a path graph with at least 3 vertices, we have dy00 = 2,
but oy < 2.

'If this makes you uncomfortable, you could use both graphs on two vertices
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4.3 The Courant-Fischer Theorem

I gave a hint of the Courant-Fischer Theorem earlier in the lecture. I’ll do the rest of it now.

Theorem 4.3.1 (Courant-Fischer Theorem). Let A be a symmetric matriz with eigenvalues o >
g > - > ap. Then,

2T Ax ) zT Az
Qp = max min-—m— = min max ——=—.
SCR" zeS xlx TCR"™ zeT zlx
dim(S)=k dim(T)=n—k+1

For example, consier the case k = 1. In this case, S is just the span of v; and T is all of IR". For
general k, the optima will be achieved when S is the span of vy,...,v; and when T is the span of
Viy---,Un.

Proof. We will just verify the first characterization of . The other is similar.

First, let’s verify that «y is achievable. Let Sy be the span of vy, ..., vg. For every © € Si, we can

write
k
T = E C; Vg,
i=1

so, as before,
T k 2 k 2
z Ax _ i1 Q4C; > D i1 O%kC _

T 2 2
r° T oz &

To verify that this is in fact the maximum, let T} be the span of vy,...,v,. As T} has dimension
n —k+ 1, for any S of dimension k the intersection of S with T} is non-empty. So,
.zl Ax . xzTAx
min min ———.
zes xTx — zeSnT, zTx

Any such & may be expressed as
n
2= o
i=k

and so . " ) . )
z' Ax Do ouc; < Yo QC
2 -

T 2
r- T G (61

= Q.

We conclude that for all subspaces S of dimension k,

T Ax <
min —— < ay.
zcS xTx

We can finally derive Sylverter’s Law of Interia.
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Theorem 4.3.2 (Sylvester’s Law of Intertia). Let A be any symmetric matriz and let B be any
non-singular matriz. Then, the matric BABT has the same number of positive, negative and zero
eigenvalues as A.

Proof. It is clear that A and BAB” have the same rank, and thus the same number of zero
eigenvalues.

We will prove that A has at least as many positive eigenvalues as BABT. As B is invertible, we
may switch the roles of A and BABT in the proof, and prove that BAB” has at least as many
positive eigenvalues as does A. Thus, they have the same number of positive eigenvalues. The
negative eigenvalues may be handled similarly.

Let 71,...,7 be the positive eigenvalues of BABT and let Y, be the span of the corresponding
eigenvectors. Now, let Sj be the span of the vectors BTy, for y € Y,. As B is non-singluar, Sj,
has dimension k. By Theorem 4.3.1, we have

Cz2TAx 2T Ax . yTBABTy
Qp = max min——— > min —— = min =———— 0
SCR™ zeS ' T reSy Tt X YyEeYy, Yy
dim(S)=k
So, A has at least k positive eigenvalues. O

4.4 Independent Sets

Hoffman was the first to observe a connection between the chromatic number and the smallest
eigenvalue of the adjacency matrix. His proof goes through the independence number of a graph.
Recall that W C V is an independent set of vertices if there are no edges between vertices in W.
We denote the size of the largest independent set by a(G). In a coloring of a graph, each color
class must be an independent set. So,

X(G) > (@)

The key fact about independent sets that we will exploit in our proof is that if S is an independent
set and Yg is its characteristic vector?, then

x5Axs = 0.
Theorem 4.4.1. Let G = (V, E) be a d-regular graph. Then

_Q?’L

a(G) <n

d— oy,

As the trace of the adjacency matrix is 0, «, is negative. So, this has the right sign.

2That is, xs(i) is 1 if i € S and 0 otherwise.
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Proof. Asusual a; > as > --- > a, be the eigenvalues of Ag and let vy, ..., v, be the correspond-
ing eigenvectors. Recall that ay = d, v1 = 1/4/n, and that all other eigenvectors are orthogonal to
v1. Let J be the matrix all of whose entries are 1. We have

nvy fori=1
J’Ui = .
0 for ¢ > 2.

Now, consider the matrix
B=A-cJ,

where we will set
d— oy
c= )
n

We can compute the eigenvalues of B from

B, — (d—cn)vy fori=1
;U for ¢ > 2.

We have chosen ¢ so that the smallest eigenvalue of B is
d—cn = o,

On the other hand, let S be an independent set of vertices in GG, and let g be the characteristic
vector of this set. As S is independent in G,

X§Axs = 0.
So,
X§Bxs = x§Axs — ex§Ixs = —c|S|?,
and
x§Bxs  —cl|S)?
Xkxs 19

The Courant-Fischer theorem tells us that this is larger than the smallest eigenvalue of B, so

= —c|9].

oan —d
an < —c|S|=——|5],
n
which implies
n > |S].

d—ay — &l
O
For example, consider a ring graph on n vertices. For n even, we have d = 2 and «,, = —2, which

provides the upper bound a(G) < n/2. For n odd, we have a,, > —2, so we find a(G) < n/2.

We obtain the following bound on the chromatic number of a d-regular graph:
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For the ring graph on an odd number of vertices, we have «,, > —2 and so we can show x(G) > 2.

Note that the proof of Theorem 4.4.1 breaks down for irregular graphs. The problem is that J is no
longer proportional to vlv{. In many proofs in spectral graph theory, one fixes this by replacing
J with v1v?. However, we would then no longer know the value of x%L(viv7)xs.

4.5 Hoffman’s Bound

The last bound on the chromatic number holds even for irregular graphs.

Theorem 4.5.1.

In fact, this theorem holds for arbitrary weighted graphs, if we substitute « for d. Thus, one may
prove lower bounds on the chromatic number of a graph by assigning a weight to every edge, and
computing the resulting ratio. However, we will not have time to prove this in class. I may add a
proof to these notes for your reference.

We begin with a useful fact about the eigenvalues of block-partitioned matrices. Please let me know
if you can find a better proof of this.

In this section, I will let Ajpaz(A) and Apin(A) denote the largest and smallest eigenvalues of the
matrix A.

Lemma 4.5.2. Let
A B C
|t D
be a symmetric matriz. Then

)\mzn(A) + Amax(A) S )\max(B) + )\max(D)

Proof. Let x be an eigenvector of A of eigenvalue \p,q,(A). To simplify formulae, let’s also assume

that = is a unit vector. Write & = (ml , using the same partition as we did for A. Set
2

[E2A] T
y = llz 1l .
_ 5
2l

The reader my verify that y is also a unit vector. By the Courant-Fischer Theorem,
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We have
Amaz(A) + Amin(A) < 27 Az + yT Ay

= z{ Bz + z{ Czo + 23 C 21 + 2] Dzot

2 2
+ HxZHQ.'I;lTBml — mlTCazg — mgCTml + leszgsz
1] [E2]]
2 2
= aleBa:l + a:QTD:l:g + Hw2”2x{3x1 + leHQ:BgDmg
1]l (E21]

2 2
. <1+ Ha:2||2> 2T By + <1+ \|x1||2> 2T Dy
BN 2]
2 2 2 2
= Amax(B) (|21 + [22]) + Amae (D) (Jl1]* + 122
- )\max(B) +)\max(D)u

as x is a unit vector. O

Lemma 4.5.3. Let

A A - Agy
Ang Ago -+ Aoy
A= . .
T T
Al,k A2,k T Ak,k

be a block-partitioned symmetric matrix with k > 2. Then

(k= DAmin(A) + Amaz(4) < D Amaa(Aia)-

Proof. For k = 2, this is exactly Lemma 4.5.2. For k > 2, we apply induction. Let

A At o Arga

T

Al Ao -+ Agp
B = : } .

T T

Al,k—l A2,k—1 Ak—l,k—l

As we did in the proof of Lemma 4.2.2, we can use the Courant-Fischer Theorem to prove that
Amin(B) 2 Amin(A).
Applying Lemma 4.5.2 to B and the kth row and column of A, we find
Amin(A) + Anaz(A) < Mnaz(B) + Anaa (A k)

k—1
< —(k = 2)Amin(B) + Y Amaz(Aii) + Amaz(Arg)  (by induction)
=1

IN

k
_(k - 1))\mm(A) + Z )\max(Ai,i)a
=1

which proves the lemma. O
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Proof of Theorem 4.5.1. Let G be a k-colorable graph. After possibly re-ordering the vertices, the

adjacency matrix of G can be written

0 Ao -+ Ay
A{2 0 Az,k
A1T7k A2T7k 0

As each diagonal block is all-zero, Lemma 4.5.3 implies
(k — D) Amin(A) + Anaz(A) < 0.

Recalling that Apin(A) = o, < 0, and Apaz(A) = aq, a little algebra yields

a1

1+ <k.

_an



