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To start
, compute adjacency eiguals of stargroph

Bo
% M=) = out whereu

E . M has rank 2
,

so n-2 eiguals are 0.

it
.
Tr(M)=Mi = 0 .

So
, non-zero eignals are M.0 -Mr

Mn=
-

M,

zii . Consider M2 eignals (M2) = (eiguals(n)
M2 =

(n) =Me an
Figuals aret

,
Oh



Last Lecture saw Laplacian eigenvalues 0 = X, x = = In

X = be iff disconnected
.

Today,
look at Adjacency eigenvalues M ,

= M2 =. -- =Mn

If d-regular, Mi = d - Xi
,
Mid

But
,
interested in irregular case.

Will show M.
= M2 iff disconnected

, Mr= - M ,
iff Dipartite,

chromatic# 1 + (M ,)8 probably next lecture

# For a weightedgraph ,
dave-M ,

= dmax
,

dmax = max wechdesree

Roof dave=dM , by Cura-Fische

Let 4 , be eigec of M.
GE argmax (a · Wolog M. (a >0

.

M. 4 , (a) = MM. )(a)=[WobC =Wa=dll
= Miladmax(a) (*)

Is this a good bound? Answer 1 :

#m# MidmaandG connected
,
the dareda



Foof: If have equality in (
,

then d(al = duax and M . (D) =4
, (a) Fb-a

So
, ↓ Eargmax Tila ,

and can apply this cery to every

neighbor ofa .

As G is connected
,

eventually reach everyrenter

and conclude 4 = 4
.
19 · 1

,
dCD) =diax FDEU .

Answer 2 : M , does a lot of work

For SEV
,
let G(s) be subgraph induced on S .

Vertex set is -
, edges Elaib)E : atS

, DES]

&3 dave (G(s)) = M ,

# Consider As
. McMSW dave(G()

And
,

we can have done (E(s)) =dave(G)

↑

A dane = 2 But MICG(s)) =M . (G) ,always
·

! Mi = 3 .
303 ...d (Next class)

Answer 3 : Can be a poor bound on M ,

# star onn retiles o not
,
dar Min

If goal is an upper
boundon ,

can do better



Def For an artitry matric M
.
KMll* max Zac)/

#my 14= 14 -> I l = MIIa

of let aecogmax 14(a)) - The

1) (()) = (x4(a)) = (Mal) = 1 I MacD)4(D)) = (4(d)(1)
=It(a) Lulla

To improve boud for star
,
let M= (Y ) ,

d= n-1

Let D= ( . . . ) ,
and consider DMD =(a

DIMD has some eigrals as M
, (MT =ME MMD) (D"M = M(D4)

But IIDYMDIly =@ = M, which is fight .

In the book
,

we do the same for all dary trees :

· we prove M .= Lot is tight.
-
X 2 comes up a lot



Symmetric Perion- Frobenius Theory

For a connected
, weighted,groph

a . M ,
has a strictly positive eigenector

b
. Mc > M2

c . Mi = (Ma

Lem5 let 14 =44 , 4/ = 0 Fa
,
4 + 0.

then UCal>0a

Pot Assume Dwoc . Ja sit . Y(a)=0

G connected => T(b,-Est . Y() = 0 < ↑(2)

#() = (4)(x)=EME YMCbCYC
-0

It o emit eigrees of M .
Let X(al-M , (a) ,a

Will show xf cit eigress of M c.
Lem5 -> x(9) = 0 Fa

M .=TM4, =ManCa(D= (d) (4, (6)((4,()

= XTMx = Mi . Maximum
,
+z=44, X eigrees of M.



b M2 1 ·
Let 42 be a unit eigres of M2 .

As PITT = 0
,
↑2 has pos and neg entries

.

let y(a) = (4z(a)) ,
Fa.

12 = 4MY2 = YTMy = M,

Assume
,
Droc

, M2= M
.

So
, y is non-neg eigues ofM ,

Lem5
-> y strictly pos -> Ye never zero

Connected -> 5 (aiD)E sit . Tz(a) < O-4z()

-> TzM42 < yTMy
,
because MCaD)YzCalTzIH <O < M(aD)y(a) y(b)

#

C.
LetThe unit eigree ofMn . Y(9) = 14uCal

,
fa

-M
partite

&of = ( *) fight = Y is pos eigres of M 1, Yula) >O
, Fa

=>([M(l) Yu(g)(N)) = [M(s
,b) (Mulall · 14nCNl(

ada
al

all these terms have some sign.

As in part D
.

J(aDtE st .
Yu(al <O < Yu(D)

,
so Sign is-

=> for all CaiDE
,
YuCalYuCD <0

.



Bipartition into pas and neg entries in Mu

=>Will show for Bipartite M eignal #)-Meigual

G bipartile => Can order vertices so that

M = 103) for some

let M() =M()so(B)() =)=
Then u() = (B)() =[ = [ =

-M()

-SoMianegenraetative quantitata

Bipctite I-coloratble ·

chromatic number = 1+un (Hoffman

Connected> M2 4 ,
-> M2 < M, very connected

x O (Fiedler/Cheeger

M .
C > /Mul <t for from bipartite (Traviscal


