
2025-Mar-31 . Constructing Expanders.

Will say a d-regular geoph G is an s-expander if Ixi-dl = Ed Fiel>Milzed

Ourgoal today : n+ A
,

d constant
,

E11 constant. Generalized hypercubes have d = logn ,
so nogood .

Today
, mesure special gap 8= 1-2

,
so want 20 .

Oddi + (2-old

Is known that radom regular graphs are expanders with -1-
,

butnot explicit.

And
,
want very explicit . Given name of mode

,
can compute neighbors intime poly #pits in name)

Can then use in psig.

Recursive construction.
Let G= /V ,E) .

The line-graph of G , H= /FiF

-> with (ab) ,
(Dic/EF if a= C .

↓kdi+5)a) Edses of E connected if share endpoint
-

- ded(d -1) 5-25-52 ⑪
I

squaring : G2 = edse (a) sit - dist(aiD) = 2 ·i.e . if 7 c sit· (acd and (CN GE &
Maz = Me-dI ②



Ihm IfH is line graph of a d-regular G Roof. BTB and BBT some eigrals up o zeros

then H is 21d-1) regular
,
and has

all eigenvalues of G and eigual Id with matt. -n .
Xi an eignal of LE = dI-MG

Recall LE = UTU , where U is signed ece-vertex
↓di feigs (Ma)> 2d-dif eig (dI +Ma

ady matrix :

U(ax) , P = S
1 if c=g

↳ 2d-Nie eigs (MH +2) G

- if C= d ↳ 2(d-1) - die eigs (M+ - 2

O O . W
.

Let B = /u) , soaly0l . BTB = /Lal = DeMe t xicneigral of LH = 2(d-I-MH 2d

BBT = MH + 2I

Eisuals Stay scome
,
but degree almost doubles Replace d-cliques by expanders -

so
gap 8 = 012 let z be K-regular a-expander ona nodes

Every aeG + d-clique in H ↑=zza za= copy ofz o samevecesa

H= Ka where Ka is cliqueon the dedges Cal (r)kza CHaka

ud
If G has edse of weight w, create w

-> F has degree 2K
,

= vertices

edges in H
, joined by eases of weight 2

and gap = (1-1) %2



To improve gop , squaygraph .

Ford-regular G
,
G" = graph st

. Ma = ME-dI

Laid) is edge of E2 if Ecst · Laic) and Call edses of G . weight : # of such c.

removed self-loops

Miteigs (Ma) -> Mi-dzeigs (Mcz) · G has desree d(d-1

#Cat : 25(-o : eg .
if 5=13

,
25-522 %65 Proof Mind-Xi

,
Rizod

eigs(((t) = d(d-1- (Mi" - d) = d2 - (d-xi) = 2dxi - Xi22d8 -182= d (25- 54 = d(d-1(20- 22)

(EI)"has vertices
. 1KK-regular , gap

= z(x)% - (HC)" = Ax) &

toset above 5 use Child" .

If F=3
,

a=3
,
o (Cil") = "3

Has vertices
, desree opport (4H" , gap >o

Start with any to that satisfies these conditions
,

like En
,

n =#",
% : 13

Need z
, expander on LPH "vertices , degree #. X-expander ,

1 : "Is would suffice.

so
, use Est. 13 ,

k-36


