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2025 Error-Correcting Codes

Want to transmit or store bits
. These can be corrupted (today flipped) · How communicate reliably

Ideal : parity bit .
To send X

1,., Xm , opend Xit = X* - # Xm (mod2

If no ervers
,

X
.0-Xm@Xmtl = 0

.

meemer
,

= 1 so know somethy went wous

two errors &

#2 = 30 , 13
,
write + for mod I

.

To locate and correct error
,
need more parity bits . Seed Xinj Kijck

Xi) Xt Mkt set parity dits so each now & col sums to zero

If I etre
,
willget sunl in that now and column

Xhl Yik Xikti
#= 2 [6]s :

↑ message bits

Xth) tre trakts - parity 5 parit Dits

↑ 10 leve correction

pariti
Goal- be as reliable andefficient as possible.



Hamming Code I message bits 3 parity ,
learn

. Message dits As
.

55,6
, 77

parity bits X
, t,> Chosen so

XX X50xz = 0 in matric form

X20X30X* = 0 Ii*p + x5 + X + Xy
= 0

A bit flip gives sum= columnof flip
all cols different+> can find it .

In fact
,

is binary rep of indez Est

Asymptotics : Code is a map
C : 50 , 17-> 50 , 13 " >M C(b) is a codeword

Rate = & . Hamming dist(G ,C) = 14-Cl
,
wher (x = #s in X

2

Minimum distance = min dist(C. cl **. Can correct up to &12 errors .

GEC

If dist(C
,
i) < E

,
then for all CEC

,
dist(C ,m=

↓ d = dist( , (2) = dist(c+) + dist(i< (2) E + dist(+
. Cr) = distical > 4/2

Minimum relative distance d= /In



Asymptotically good codes : &
, 5 fixed

,
n grows

- so a family of codes
.

Con use Random Linea Codes. Linear code : (CD) = GD for some num matrix Germ

Set of codewards is a rector space over" G(bthul = Ghi +Gba = Elbida) (mod 21

mm-dist =miIG . C= E :D

G=S wherG If to and gi is iddom
,
gib isform in

If entries of G iid
,
GD is mifom in

"

LI PrICE has mindist =db1- ~
Could use Hoeding

# Pr[mundistofGed)Pr[Kail = d) = (m- 1)(/2-i
be O =

nH(d)
where H(x)=* 1gt++ 1g(+)Fact:: : nt

-> Thm1 Forit sit . H(5)-5
,
a madom liv code of rate i prob has minreldist = &

Holds whenHis small mentH merus H



So
,
random codes probably have good minimum distance

.
Decoding? seems hard

.

Gallager .
Low -Density Parity- Checkcodes . Random bipartitegraph .

n nodes conleft on right

say , 3-regular can left
,

6- regular on right x10E ⑦xi = 0

Related to expandes ,
next lecture

.

S ⑪ litinyj
Y

i ⑭
In ↑

parity constrants

Generalized hypercube . Given G= gi n - m

A staph with rate set # (GD)EE if D =a+g ; some i

The Eiguals of Laplacian are 21Gx1 for xFz

#of Forxe ,
let Y

, (a) = E17** To see is an eigres ,
note Malaty) =E

*+g x(al4x(s)

(4x(a) = 24x(a) - 4x(a +gi) = nYx(a) - [T4x(a)4+(gi) = Yo()(n - [4x(gi))



So
,
it is an eisarector . And

, [Mx(gil = [Signl
so

, eigual is 21GX)

If min reldist = 5
,
all eignals - Zin

.

So
,

is an 1-25) - expande -

If max rel-dist - 10
,
all eiguals : IChon & O as i + 0

. Only defect is
not constant degree.


