
2025 - Feb-26 E = (U.E) is plaar if can drow in place with no crossing edges

-max
: V-(2a+ x + +() ++(x)

X : (ab) -> curve from a to b in IR3

edges
notplanar

00 interior of curves do not cross or contain vertices.

↳

Lot issue for
Condraw with straight lines , and springs .G
-Springs-not 3 connectedat

pounding faces not uniquely determined

G is 3-connected if FSEU
.
ISI = 2

, G(U-s) is connected .

A 3-connected planargraph has a unique set of faces Fr
, ...
Fi

,

that are cycles in G

each edse is in exactly two faces
In every planar drawing
the faces are the boundaries of the regions obtained when remove the edes and vertices

Tutte : if fix ventiles an a face to corners of a conver

polisealet rest be harmonic, get a placar drawing of G

Harmonic=> all other vertices are strictly inside .



Da ... atarefines of a convex polyson , in order,

#if all vertices are on one side of line through ai
, ait

-I :For every non-boundary (ait) , its faces areon opposite sidesof line through al

&-Thr Assume broc two edges cross *o then is a pointp inside2 faces

To show can not happen , let Idea line throughp that does not interest vertices or edge crossings .

show that on line
.
#faces containing each point = 1

. At boundary 1 . When cross edge stays

·



↳2Forbopaget bein faces F and ·only touches Fo , F2 at endpoints .

If P is a path from a tod ,
PE(a.1) then Pintersects & ata center ·

&
N

Proof : Let C= QuFi
,
d =QuEr . Drow a curve 8 from Cod inside FadE2 ,

crosses at

So G0Q is a closed curve that separates a from in place .

-> P must cross Q
,
and mustdo so at a venet

.

Ets. If contract on edge (D) replace a andI with Vertex
,

with utors of a and I
,

still planar. ·#5 and Kais are not planar

Prop3 In a Tutte embedding
,
if a line Isoes through a and a has a neighbor

-

above 1
,
then it has a neighbor below I . Consequenceof harmonic . -de



↳mInTutte embedding
,
let H be a half-space-line and all points on one side of it .

Let S = vertices in H . Then all vertices in S are connected by paths lying entirely in S . o
i

.e. GCs) is connected
.

pot. let H = Ex : < Tx =3 f(x) = aix-B . Let att
. willgive non-decreasingno path to B

I I bra so that flbl-fla
,
can follow increasing path to Doundary : harmonic at D

=>I C-b sit-f(d) = f(p)
,
keep increasing until hit B

Otherwise
,
for all ubrs Dra

,
f(D) = f(a)

.

But is path from a to pos boundary ,
so eventually

ca increase

len5 In a Tatte embedding , no vetet is colinea with all of its neighbors .

poof, let I be a line containing a andall of its neighbors . Let B = Ep : can reach froma
never leaving 13 Ea]

Let C = EbEB sit . D has neighbor not in 13 . 3-con-> 1C1 = 3

Toget contradiction ,
let St=ventices above I #are connected

,
so contract all

.

5) be vertices below I
,
contract .

Let 4
,
2
,
C3 +C

,
contract B -C s



Lem 1 : Let F , and Fr be the faces containing a non-boundary ease Caib) ,
Let1= line through tal and x(n) .

Then vertices of F and F2 lie on opposite sides of I
and only ad are on 1. C

↑of Assume Droc,
7 GEF, and GEF2 both aboveoronl

Lem 4 => F path Q above line connecting c, to 22 oLems - 5 alwa , below line and bird below line

rem=s a and I'connected by path below line . P = atn'tpathe - b

Lem2 => Pintersects Q ,
contradiction


