
 

Nearly linear time Laplacian solvers

Capstone use many things from this semester

Discuss const accuracy solves because iterative refinement
provides In'le dependence for E accuracy

Fastest is 8cm Hale 0cgcall if
fCute0cgcallgag d some caste

Today do 0cmlegit and sketch 8cmIgn

Offer divide into two parts
precorputation life factorization low stretch tree

and application

After precorputation can get time to
0cm



Augmented Spanning Tree

E Tree t k edges k e 45

eliminate degree 1 2 vertices

elder deg 1 decreases degree of neighbor

Elin des 2 does not chaise degree of neighbors

so time to do this is c 0cal
Are left with a Schur corplevert on E 4k vertices

with E J k edges H

Algebraically is LE UT EH U

for an upper A ar U with e 2n entries

solve systems in LG by solve in LH U and UT
As U Ut b ar solve in time Ocn

solve LH recursively and thus approximately

Guarantee alg is linear corresponds to a Z matrix set

c El El K LH K Hd Zt

a a a out theHEED

andso q.eyutfooz.DK LE la CHUTEEAU

E appnet translates up in size



let M UTC E y

we get KCLa M e kke LEI HCLE M

II KILELEI
so loose little

ten More than half the vertices of a tree have

degree Lor 2

proof Has n C edges So are degree a 2

degree 1 vertices vertices of degree e 3

Lem If It T t S Three S bas k edges

din vertices of T of degree 1
or 2 thatdonot touch

5 until more left wind up with E 4k vertices

and e 5 k edges

Poff If 2K e Iz is a degree or 2 vertet not

touching S Eliminate it Still have a tree e k edges

stops when 2k E



How choose those extra edges

Random Sampling

Let G CUE w E O Pa.be oil satisfy

Pap z min 1 the wail Refff aid

Form G uefa by
Claus

HDaib prob pas
O pref l Pads

Then I cost with pub l n G is ar e peut of G

and edges in E E 2 Pal

Want fewer edges at cost of worse approximation

And don't wait to compute Reff

Let T be a low stretch spanning tree of G

Reff Cable ReffCalls Rayleigh's Marteaicity

StretchCadd

Set Gt Cs DT Matt edge cuts of T by g

Reffecails E f Stretch acb



ET Pais I

CacAdt Pad min 1 shiny Stretatcaia

And construct E Get an E appretof
L

with E 2 Epub edses

Let o tin StretchCat e gu

2Pa.be 6Cnn
m.oS

so for Sz const o Inn edges goes down

But want to solve systems in G

Use HCE E e KCE.EIKCE.IT E 35

Will solve in E Coast B times

To make a win wait

off tree edges cu E e Ifs
see Inn

2

Will show this works and gives time OTmigza



Recursion start with Go G

will solve systems in Gi by Giel

Farm Gi scale up tree

GT down Sarple

Let Oi off tree edges in Gi Mi Cai c

If GI has few off tree edges eliminate
degree and 2 To set Scher complement C Itc

Else Giel Gi
Now 0in E cofsti.o.TT

Will show by induction solve in G i takes time
a Oi lgh

By elin should assume iz Mits so essentially sane

Solve in Ei takes const Js solves on Giel
malts by Gi
mutts Dy U

Takes time

O 55 Oa Ight Oi Mil

E Tsoi e Eloi 1g n



Savingalog Ckerpay

Go G t s TT is the only big blowup

Solve systems in Go in time n

s const o Inn so iters B e Inn

Because T remains dominant

After sample I stretch E T Stretch CE T

so with high probability StefanCE TI e 2StretchCE T

Means set Ii Git Ii to coepersate

Elimination of degree1 and 2 vertices
in T

does not cleanse stretch

II le knew lie

Or can see from Schur corplenat formula

Still need 0in t foist

really GT Gi constti

and time to solve C i
e 0Coil



Logistics returning Homework

Edit this book

Will be free on line

Long story i have beenmany simplifications and improvement

And are many fast algorithms

Beginning Mary algs use as a primitive

Mary generalizations of spectral analysis

Good luck with the rest of the semester


