Sets - Notation

r €S  membership {} the empty set
relsS S={x} N natural numbers
S CT inclusion Z integers

S CMN 7 finite subset B = {true, false}

{E|P} setcomprehension

ST  intersection ={zr|ze Sandx € 1T}
r is a bound variable
SUT  union ={x|re Sorxe T}
S — T  difference = {z |z € Sandnotz € T'}
P S powerset ={T7"|T C S}
m ton integer range ={z|m < zand r < n}
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Set Operations (Generalized)

us ¥ aresaeny| ns ¥ vreseen
Us ¥ ufsjien Ns ¥ngsjiern...
el el

T * T dE‘f

U J s Ns¥ n s
1=n e mton 1=m e mton

J{} = {} nq{} meaningless

Examples:
AUB = U{A, B}

Ulito(i+1) | ie{j?|jelto3}} ={1.2,4,59, 10}
111,2},14,55,{9,10} }
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Relations

A relation p is a set of primitive pairs [z, y]. # {{x},{x, y}}

(pxyz.)

prelatesrandy <= xpy — [z.y] € p

p is an identity relation <= (Vz,y.zpy = z==y)

theidentityon S Ig = {[z,2]|z € S}
the domain of p dom p def {x|Jy.xpy}
) ef -
the range of p ran p = {if | Jy.yp if}
/ dE'.f

compositionof pwith p’  p'-p = {[z,z]|Jy. 2z pyandyp’ z}

reflectionof p  p! dlef {ly, z] | [z, y] € p}
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Relations - Properties & Examples

(pa-po) - p1 = pa- (po - py)| IN = 110,01 {1, 1], (2,2, .}
p-IsCpDIp-p < = {[0,1],[0,2].[1,2]....}
dom I = S = ran I < = {[0.0].[0.1].[1,1].[0.2]....
Ir-Is = Irng > = {[0,0],[1,0],[1,1],[2,0],...
It =Ig < C <
(p'i')-i. _, <UIn = <
| | <n>=1IN
(p2-p1)" = p1'-p2! ——
p-Ar={t=H-»p c. < =<
Ip={={ <. < =<
domp={} = p={} S — o
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Functions

A relation f is a function if

Ve, o, 2" ([x.2] € fand [z,2"] € f) = 2/ = 2"

If fis a function,

fr=y < fr=y <= fmapsztoy < [z,ylef

[ and {} are functions.

If f and g are functions, then ¢ - f is a function: (g - f) = = g(f x)

11 is not necessarily a function:
consider f = {[true,{}], [false, {}]}

f is an injection if both f and f' are functions.
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Functions - Notation

Typed abstraction: Az € S. E def {[z,E] |z € S}

Detined only when F is defined for all x € S
(consider A\g € N. g 3)

¢ =X reS.x

g-f=Xxedomf.g(fx) ifran f C dom g.

Placeholder: E with a dash (—) standing for the bound variable
g(=)h = AreS (g(x))h —+42 = reN.ar+42
Y ifz=ux

Variation of a function f: [f|x :y]z = ? ,
f z, otherwise

dom [f |z :y] = (dom f)U {z}
ran [f |2 1yl = ((ran f)—{z|[z, 2] € f}) U{y}
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Sequences

. def .
Flerivil .o lanun] S Lo [fler ivil . lon: un)
; def
[z1tval - zn iyl = [zl [z ynl
def _ :
(xg, ... ¥p_1) = [O0:zg|...n—1:2,_1]

|| = {} — the empty function
() =[] = {} — the empty sequence
(xo,... xp_1) — ann-tuple
(x,y) — a (non-primitive) pair
dom (zq,...z,_1) =0to(n—1)

(xQy... Tp_1)i =x; wheni € 0to (n—1)
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(Sets of Functions:) Products

Let 6 be an indexed family of sets (a function with sets in its range)

The Cartesian product of 0 is

[16 def {f|dom f =domfand Vi € dom 0. fi € 0 i}

(B, B)
=[I(Az € 0to 1.B)
= {[0 : true, 1 : true], [0 : true, 1 : false],
[0 : false, 1 : true], [O : false, 1 : false]}

= {(true, true), (true, false), (false, true), (false, false) }
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More Products

-1 dE"t ~y ~ det n ~ fr

II S [[MeeT.S S1x...x S, = [[”S;
xel i=1

T y d i .

Mms< 1m0 s T & S
1=111 EE(TH to -?1) rel’

qn d:‘?f GO0to(n—1) — ¢«  « S
n times

[1(B.B) =B x B = B~

SO = st ={()} = {{}}
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Sums

The disjoint union (sum) of 6 is
def

>0 = {(@,x)|t€domfandx € b}
N - T
TS ¥ s ers Si4... 485, ¥ 3 s
xel =1
o def y . . ,
S SE Y s I'xS = Y 5
1=m 1e(m ton) el
nxS = (0Oto(n—1))xS=54+...4+4S5
n times
B+ B = (B, B) = {(0, true), (0, false), (1, true), (1, false)}

2x B
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Relations Between Sets

p is a relation from S to T’

— pESR—:-ELT

<= domp C Sandranp C 7.

Relation on S Cgf relation from S to S.

ISGSRTE]:S

’OESPELT :?*,0'6qu

Forall Sand T, {} € Sz T

i ets RT;];{}
Ut U T
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p € S 1'is atotal relation from S to T

— peESgyd
= Ve S dyeTl.xzpy
<— domp=>S5

— IsCplp

ST N
DE I 70
=

\_ _/

p € (domp) ==1T <= T Dranp




Functions Between Sets

f is a partial function from S'to T’

— fESmT

= [ € 5 T and fisa function.
“Partial™ f € S =1 = dom f C 5

f € S5 1 is a (total) function from S to T

— fesS—=T
<= dom f = S.
8 S—T=T"=1][T

reES

[ ;S‘_?T—>E;:;9—>(T—>EJT)
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Surjections, Injections, Bijections

f is a surjection from S

f is ainjection from Sto 1" < flel —

f is a bijection from S

tol < ran f =1

PFUN

<= fisanisomorphism from S

(at least one)

— 19 TT— ———
| o o
I O 0
\ ] /”..
"""""" in o

(at most one)

_.-"'-" 'i b -"\-\._\.
1

to7l < f'ET—}h
to 1’

(exactly one)
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