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Abstract

We study revenue maximization in multi-item multi-bidder auctions under the natural item-independence
assumption — a classical problem in Multi-Dimensional Bayesian Mechanism Design. One of the biggest
challenges in this area is developing algorithms to compute (approximately) optimal mechanisms that are
not brute-force in the size of the bidder type space, which is usually exponential in the number of items
in multi-item auctions. Unfortunately, such algorithms were only known for basic settings of our problem
when bidders have unit-demand [CHMS10b, CMS15] or additive valuations [Yao15].

In this paper, we significantly improve the previous results and design the first algorithm that runs in
time polynomial in the number of items and the number of bidders to compute mechanisms that are O(1)-
approximations to the optimal revenue when bidders have XOS valuations, resolving the open problem
raised in [CM16, CZ17]. Moreover, the computed mechanism has a simple structure: It is either a posted
price mechanism or a two-part tariff mechanism. As a corollary of our result, we show how to compute
an approximately optimal and simple mechanism efficiently using only sample access to the bidders’
value distributions. Our algorithm builds on two innovations that allow us to search over the space of
mechanisms efficiently: (i) a new type of succinct representation of mechanisms — the marginal reduced
forms, and (ii) a novel Lift-and-Round procedure that concavifies the problem.
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1 Introduction

Revenue-maximization in multi-item auctions has been recognized as a central problem in Economics and
more recently in Computer Science. While Myerson’s celebrated work showed that a simple mechanism
is optimal in single-item settings [Mye81], the optimal multi-item mechanism is known to be prohibitively
complex and notoriously difficult to characterize even in basic settings. Facing the challenge, a major re-
search effort has been dedicated to understanding the computational complexity for finding an approximately
revenue-optimal mechanism in multi-item settings. Despite significant progress, there is still a substantial gap
in our understanding of the problem, for example, in the natural and extensively studied item-independent
setting, first introduced in the influential paper by Chawla, Hartline, and Kleinberg [CHKO07].

Formally, the item-independent setting is defined as follows: A seller is selling m heterogeneous items to
n bidders, where the ¢-th bidder’s type is drawn independently from an m-dimensional product distribution
D; =X icim] D; j.l We only understand the computational complexity of finding the revenue-optimal mecha-
nism in the item-independent setting for the two most basic valuations: unit-demand and additive valuations.
First, we know that finding an exactly optimal mechanism is computationally intractable even for a single
bidder with either unit-demand [CDO™ 15] or additive valuation [DDT14]. Second, there exists a polyno-
mial time algorithm that computes a mechanism whose revenue is at least a constant fraction of the optimal
revenue when bidders have unit-demand [CHMS 10b, CMS15] or additive valuations [ Yaol5]. However, unit-
demand and additive valuations are only two extremes within a broader class of value functions known as the
constrained additive valuations, where the bidder’s value is additive subject to a downward-closed feasibil-
ity constraint.” Furthermore, all constrained additive valuations are contained in an even more general class
known as the XOS valuations. Beyond unit-demand and additive valuations, our understanding was limited,
and we only knew how to compute an approximately optimal mechanism when bidders are symmetric, i.e.,
all D;’s are identical [CM16, CZ17]. Finding a polynomial time algorithm for asymmetric bidders was thus
raised as a major open problem in both [CM16, CZ17]. In this paper, we resolve this open problem.

Result I: For the item-independent setting with (asymmetric) XOS bidders, there exists an algorithm
that computes a Dominant Strategy Incentive Compatible (DSIC) and Individually Rational
(IR) mechanism that achieves at least ¢ - OPT for some absolute constant ¢ > 0, where OPT
is the optimal revenue achievable by any Bayesian Incentive Compatible (BIC) and IR mech-
anism. Our algorithm has running time polynomial in Zie[n], j€lm] | 7], where T is the sup-
port of D;;. See Theorem 1 for the formal statement.

Computing Approximately Optimal Mechanisms under Structured Distributions. When the bidders’
types are drawn from arbitrary distributions, a line of works provide algorithms for finding almost revenue-
optimal mechanisms in multi-item settings in time polynomial in the total number of types, i.e., Zie[n} |SupP(D;)|
(Supp(D;) denotes the support of D;) [AFHT 12, CDW12a, CDW 12b, CDW 13a, CDW13b, COVZ21]. How-
ever, the total number of types could be exponential in the number of items, e.g., there are 3 7, <H jetm) | Tii ])
types in the item-independent case, making these algorithms unsuitable. For unstructured type distributions,
such dependence is unavoidable as even describing the distributions requires time (2 (Zie[n] \SUPP(D,-)]).
What if the type distributions are structured and permit a more succinct description, e.g., product measures?
Arguably, high-dimensional distributions that arise in practice (such as bidders’ type distributions in multi-
item auctions) are rarely arbitrary, as arbitrary high-dimensional distributions cannot be represented or learned
efficiently; see e.g. [DDK18] for a discussion. Indeed, one of the biggest challenges in Bayesian Algorith-
mic Mechanism Design is designing algorithms to compute (approximately) optimal mechanisms that are not
brute-force in the size of the bidder type space when the type distributions are structured. In this paper, we

![m] denotes {1,2, ..., m}. D;; is the distribution of bidder i’s value for item 5. The definition is extended to XOS in Section 2.

2A bidder has constrained-additive valuation if the bidder’s value for a bundle S is defined as MaXy coSnT O jev ti, where ¢;
is the bidder’s value for item j, and Z is a downward-closed set system over the items specifying the feasible bundles. Note that
constrained-additive valuations contain familiar valuations such as additive, unit-demand, or matroid-rank valuations.



develop computational tools to exploit the item-independence to obtain an exponential speed-up in running
time.

Simple vs. Optimal. An additional feature of our algorithm is that the mechanisms computed have a simple
structure. It is either a posted price mechanism or a two-part tariff mechanism. Given the description of the
two mechanisms, it is clear that both of them are DSIC and IR.

Rationed Posted Price Mechanism (RPP). There is a price p;; for bidder ¢ to purchase item j. The bidders
arrive in some arbitrary order, and each bidder can purchase at most one item among the available ones at the
given price.’

Two-part Tariff Mechanism (TPT). All bidders face the same set of prices {p;}jc[,,)- Bidders arrive in
some arbitrary order. For each bidder, we show her the available items and the associated price for each item,
then ask her to pay an entry fee depending on the bidder’s identity and the available items. If the bidder
accepts the entry fee, she proceeds to purchase any of the available items at the given prices; if she rejects the
entry fee, then she pays nothing and receives nothing.

A recent line of works focus on designing simple and approximately optimal mechanisms [CHKO07,
CHMSI10b, Alall, HN12, KW12, CH13, BILW 14, Yaol5, RW15, CDW16, CM16, CZ17]. The main take-
away of these results is that in the item-independent setting, there exists a simple mechanism that achieves a
constant fraction of the optimal revenue. The most general setting where such a simple O(1)-approximation
is known is exactly the setting in Result I, where bidders have XOS valuations [CZ17]. More specifically,
[CZ17] show that there is a RPP or TPT that achieves a constant fraction of the optimal revenue, however
their result is purely existential and does not suggest how to compute these simple mechanisms. Our result
makes their existential result constructive.

Finally, combining our result with the learnability result for multi-item auctions in [CD17], we can extend
our algorithm to the case when we only have sample access to the distributions.

Result II: For constrained-additive bidders, there exists an algorithm that computes a simple, DSIC, and
IR mechanism whose revenue is at least ¢ - OPT — O(e - poly(n, m)) for some absolute con-
stant ¢ > 0 in time polynomial in n, m, and 1/e, given sample access to bidders’ type distri-
butions, and assuming each bidder’s value for each item lies in [0, 1]. See Theorem 4 for the
formal statement.

1.1 Our Approach and Techniques

Our main technical contribution is a novel relaxation of the revenue optimization problem that can be solved
approximately in polynomial time and an accompanying rounding scheme that converts the solution to a
simple and approximately optimal mechanism.* Our first step is to replace the objective of revenue with a
duality-based benchmark of the revenue proposed in [CZ17]. One can view the new objective as maximizing
the virtual welfare, similar to Myerson’s elegant solution for the single-item case. The main difference is
that, while one can use a fixed set of virtual valuations for any allocation in the single-item case, due to
the multi-dimensionality of our problem, the virtual valuations must depend on the allocation, causing the
virtual welfare to be a non-concave function in the allocation. In this paper, we develop algorithmic tools to
concavify and approximately optimize the virtual welfare maximization problem. We believe our techniques
will be useful to address other similar challenges in Multi-Dimensional Mechanism Design.

More specifically, for every BIC and IR mechanism M with allocation rule ¢ and payment rule p, one can
choose a set of dual parameters 6 (o) based on o to construct an upper bound U (o, (0)) for the revenue of M.
We refer to 6 as the dual parameters because 6 corresponds to a set of “canonical” dual variables, which can be
used to derive the virtual valuations via the Cai-Devanur-Weinberg duality framework [CDW16]. The upper

3Usually, posted price mechanisms do not restrict the maximum number of items a bidder can buy. We consider a rationed version
of posted price mechanism to make the computational task easy.

4 An influential framework known as the ex-ante relaxation has been widely used in Mechanism Design, but is insufficient for our
problem. See Appendix B.2 for a detailed discussion.



bound U (c,0(c)) is then simply the corresponding virtual welfare. The computational problem is to find an
allocation o that (approximately) maximizes U (o, 60(c)). With such a o, we could use the result in [CZ17]
to convert it to a simple and approximately optimal mechanism. Unfortunately, the function U (o, 6(0)) is
highly non-concave in ¢, and thus hard to maximize efficiently. See Section 3.1 for a detailed discussion.

LP Relaxation via Lifting. We further relax our objective, i.e., U(o,6(0)), to obtain a computationally
tractable problem. One specific difficulty in optimizing U (o, §(o)) comes from the fact that 6(c) is highly
non-linear in 0. We address this difficulty in two steps. In the first step of our relaxation, we flip the depen-
dence of o and 0 by relaxing the problem to the following two-stage optimization problem (Figure 1):

- Stage I: Maximize H (6) subject to some constraints. H () is the optimal value of the Stage II problem.
- Stage II: Maximize an LP over o with §-dependent constraints.

This makes the problem much more structured and significantly disentangles the complex dependence be-
tween o and . Yet we still do not know how to solve it efficiently. In the second step of our relaxation, we
merge the two-stage optimization into a single LP. In particular, we [ift the problem to a higher dimensional
space and optimize over joint distributions of the allocation o and the dual parameters 0 via an LP (Figure 3).
Since the number of dual parameters is already exponential in the number of bidders and the number of items,
it is too expensive to represent such a joint distribution explicitly. We show it is unnecessary to search over all
joint distributions. By leveraging the independence across bidders and items, it suffices for us to consider a
set of succinctly representable distributions — the ones whose marginals over the dual parameters are product
measures. See Section 3.1 for a more detailed discussion on the development of our relaxation.

“Rounding” any Feasible Solution to a Simple Mechanism. Can we still approximate the optimal solution
of the LP relaxation using a simple mechanism? Unfortunately, the result from [CZ17] no longer applies. We
provide a generalization of [CZ17], that is, given any feasible solution of our LP relaxation, we can construct
in polynomial time a simple mechanism whose revenue is at least a constant fraction of the objective value
of the feasible solution (Theorem 3). Our proof (in Appendix C.6) provides several novel ideas to handle the
new challenges due to the relaxation, which may be of independent interest.

Marginal Reduced Forms. We deliberately postpone the discussion on how we represent the allocation of
a mechanism until now. A widely used succinct representation a mechanism M is known as the reduced form
or the interim allocation rule: {r;;(t;)}icin] JEM]tiEX ey Ty Where 73;(t;) is the probability for bidder 4 to
receive item j when her type is t; = (t;1,. .., tim) [CDW12a]. Despite being more succinct than the ex-post
allocation rule, the reduced form is still too expensive to store in our setting, as its size is exponential in m.
A key innovation in our relaxation is the introduction of an even more succinct representation — the marginal
reduced forms and a multiplicative approximation to the polytope of all feasible marginal reduced forms.
Although this is a natural concept, to the best of our knowledge, we are the first to introduce and make use of

it. The marginal reduced form is represented as : {wj;(t;;) }Z clnljelml b e, where wj;(t;;) is the probability
P slig ij

for bidder 7 to receive item j in M and her value for item j is tij.(’ Importantly, the size of a marginal reduced
form is polynomial in the input size of our problem. As our LP relaxation uses marginal reduced forms as
decision variables, it is crucial for us to be able to optimize over the polytope P that contains all feasible
marginal reduced forms. To the best of our knowledge, P does not have a succinct explicit description or an
efficient separation oracle. To overcome the obstacle, we provide an efficient separation oracle for a different
polytope Q that is a multiplicative approximation to P, i.e., ¢- P C @ C P for some absolute constant
¢ € (0,1) (Theorem 2). Using the separation oracle for (), we can find a c-approximation to the optimum
of the LP relaxation efficiently. Note that a sampling technique was developed in [CDW12b] to approximate
the polytope of feasible reduced forms. However, their technique only provides an “additive approximation

3See Appendix B.1 for an example of the non-concavity of the function.
SWe refer to {wi; (i) }ic [n],j€m] t;;€T;; s the marginal reduced forms as they are the marginals of the reduced forms multiplied

by the probability that ¢,; is bidder 4’s value for item 7, i.e., % =Et, _j~Xos; Dic [Tij (ti5, ti,—j)].



to the polytope”, which is insufficient for our purpose. Indeed, our multiplicative approximation holds for a
wide class of polytopes that frequently appear in Mechanism Design (Theorem 8). We believe our technique
has further applications, for example, to convert the additive FPRAS of Cai-Daskalakis-Weinberg [CDW 12a,
CDW12b, CDW13a, CDW13b] to a multiplicative FPRAS.

1.2 Related Work

Simple vs. Optimal. We provide an algorithm for the most general setting where an O(1)-approximation
to the optimal revenue is known using simple mechanisms. It is worth mentioning that a recent result by
Diitting et al. [DKL20] shows that simple mechanisms can be used to obtain a O(log log m)-approximation
to the optimal revenue even when the bidders have subadditive valuations. We leave it as an interesting open
problem to extend our algorithm to bidders with subadditive valuations.

(1 — ¢)-Approximation in Item-Independent Settings. We focus on constant factor approximations for
general valuations. For more specialized valuations, e.g., unit-demand/additive, there are several interesting
results for finding (1 — &)-approximation to the “optimal mechanism”. For example, PTASes are known if we
restrict our attention to finding the optimal simple mechanism for a single bidder, e.g., item-pricing [CD11] or
partition mechanisms [Rub16]. For multiple bidders, PTASes are known for bidders with additive valuations
under extra assumptions on distributions (such as i.i.d., MHR,’ etc.) [DW12, CH13]. The only result that
does not require simplicity of the mechanism or extra assumptions on the distribution is [KSM™*19], but
their algorithm is only a quasi-polynomial time approximation scheme (QPTAS) and computes a (1 — ¢)-
approximation to the optimal revenue for a single unit-demand bidder.

Structured Distributions beyond Item-Independence. When the type distributions can be represented as
other structured distributions such as Bayesian networks, Markov Random Fields, or Topic Models, recent
results show how to utilize the structure to improve the learnability, approximability, and communication com-
plexity of multi-item auctions [BCD20, CO21, CD21]. We believe that tools developed in this work would be
useful to obtain similar improvement in terms of the computational complexity for computing approximately
optimal mechanisms for structured distributions beyond item-independence.

2 Preliminaries

We focus on revenue maximization in the combinatorial auction with n independent bidders and m hetero-
geneous items. We denote bidder i’s type t; as {¢;;} jem]> Where t;; is bidder ¢’s private information about
item j. For each 4, j, we assume ?;; is drawn independently from the distribution D;;. Let D; = x;-”leZ-j be
the distribution of bidder ¢’s type and D = x'_, D; be the distribution of the type profile. We only consider
discrete distributions in this paper. We use 7;; (or 7;,T) and f;; (or f;, f) to denote the support and the prob-
ability mass function of D;; (or D;, D). For notational convenience, we let ¢_; to be the types of all bidders
except ¢ and t; (or t<;) to be the types of the first i — 1 (or ¢) bidders. Similarly, we define D_;, 7_; and f_;
for the corresponding distribution, support of the distribution, and probability mass function.

Valuation Functions. For every bidder i, denote her valuation function as v;(-,-) : 7; x 2™ — R, For
every t; € 7;,S C olm], v;i(t;,S) is bidder i’s value for receiving a set S of items, when her type is ¢;. In
the paper, we are interested in constrained-additive and XOS valuations. For every ¢ € [n], bidder ’s valua-
tion v;(+, -) is constrained-additive if the bidder can receive a set of items subject to some downward-closed
feasibility constraint F;. Formally, v;(t;, S) = maxpcosqr 2. jer tij for every type ¢; and set S. It contains
classic valuations such as additive (F; = 2[m]) and unit-demand (F; = Usjeim] {j}). For constrained-additive
valuations, we use ¢;; to denote bidder i’s value for item j. For every ¢ € [n], bidder ¢’s valuation v;(-, ) is

XOS (or fractionally-subadditive) if each t;; represents a set of K non-negative numbers {al(-f) (tij)}ke[K]’

for some integer K, and v;(;,5) = maxy¢k] ZjeS al(-;?) (tij), for every type t; and set S. We denote by

"That is, fi;(v)/1 — Fi;(v) is monotone non-decreasing (MHR) for each i, j, where f;; is the pdf and Fj; is the cdf.



Vij(ti) = vi(ti, {j}) the value for a single item j. Since the value of the bidder for item j only depends on
tij, we denote V;(t;;) as the singleton value.

Mechanisms. A mechanism M can be described as a tuple (o, p), where o is the interim allocation rule
of M and p stands for the payment rule. Formally, for every bidder i, type ¢; and set S, o;5(t;) is the
interim probability that bidder ¢ with type ¢; receives exact bundle S. We use standard concepts of BIC, DSIC
and IR for mechanisms. See Appendix A for the formal definitions. For any BIC and IR mechanism M,
denote REV(M) the revenue of M. Denote OPT the optimal revenue among all BIC and IR mechanisms.
Throughout this paper, the two classes of simple mechanisms we focus on are rationed posted price (RPP)
mechanisms and rwo-part tariff (TPT) mechanisms, which are both described in Section 1. We denote PREV
the optimum revenue achievable among all RPP mechanisms.

Access to the Bidders’ Valuations. We define several ways to access a bidder’s valuation.

Definition 1 (Value and Demand Oracle). A value oracle for a valuation v(-,-) takes a type t and a set of
items S C [m] as input, and returns the bidder’s value v(t, S) for the bundle S. A demand oracle for a
valuation v(-,-) takes a type t and a collection of non-negative prices {pj}je[m} as input, and returns a

utility-maximizing bundle, i.e. S* € arg maxgc(m <v(t, S) — Zjes pj>. In this paper, we use DEM; (-, -) to

denote the demand oracle for bidder i’s valuation v;(-, -).

For constrained-additive valuations, our result only requires query access to a value oracle and a demand
oracle for every bidder i’s valuation v;(-,-). For XOS valuations, we need a stronger demand oracle that
allows “scaled types” as input. We refer to the stronger oracle as the adjustable demand oracle.

Definition 2 (Adjustable Demand Oracle). An adjustable demand oracle for bidder i’s XOS valuation v;(-, )
takes a type t, a collection of non-negative coefficients {b; }je[m}’ and a collection of non-negative prices
{Pj}je[m} as input. For every item j, b; is a scaling factor for t;j, meaning that each of the K numbers

{042(;?) (tij)}ke[ K)> i-e. the contribution of item j under each additive function, is multiplied by b;. The ora-
cle outputs a favorite bundle S* with respect to the adjusted contributions and the prices {p; }je[m}» as well

as the additive function {agf*)(t,-j)}je[m} for some k* € [K] that achieves the highest value on S*. For-

mally, (S*,k*) € arg maxgc () ke[K] {Zjes bjagf) (tij) — Zjespj} . We use ADEM;(+, -, ) to denote the

adjustable demand oracle for bidder i’s XOS valuation v;(-, -).

The adjustable demand oracle can be viewed as a generalization of the demand oracle for XOS valuations.
In the above definition, if every coefficient b; is 1, then the adjustable demand oracle outputs the utility-
maximizing bundle S* (as in the demand oracle) and the additive function that achieves the value for this set.
For general b;’s, the adjustable demand oracle scales item j’s contribution to bidder ¢’s value by a b; factor.
The output bundle S* maximizes the adjusted utility.®

Definition 3 (Bit Complexity of an Instance). Given any instance of our problem represented as the tuple
(T, D,v = {vi(-,") Yi[n)), Denote as by the bit complexity of elements in { fij(tij) ticn] jem) t,;eT;,- For
constrained-additive valuations, denote as b, the bit complexity of elements in {tij}z‘e[n},je[m},tijeﬂj- For
XOS valuations, denote as b, the bit complexity of elements in {az(-f) (tij) Yicln) jelm) ti;eTi; ke[k)- We define
the value max (b, by) to be the bit complexity of the instance.

3 Linear Program Relaxation via Lifting

In this section, we present the linear program relaxation for computing an approximately optimal simple
mechanism. The main result of our paper is as follows:

8Note that for every collection of scaling factors, the query to the adjusted demand oracle is simply a demand query for a different
XOS valuation. If all additive functions of ¢; are explicitly given, then the adjusted demand oracle can be simulated in time O(mK).



Theorem 1. Let T' = 3, . |Tij| and b be the bit complexity of the problem instance (Definition 3). For any
6 > 0, there exists an algorithm that computes a RPP mechanism or a TPT mechanism, such that the revenue
of the mechanism is at least ¢ - OPT for some absolute constant ¢ > O with probability 1 — § — —=. For
constrained-additive valuations, our algorithm assumes query access to a value oracle and a demand omcle
of bidders’ valuations. For XOS valuations, our algorithm assumes query access to a value oracle and an
adjustable demand oracle. The algorithm has running time poly(n, m, T, b,log(1/9)).

For any matroid-rank valuation, i.e., the downward-closed feasibility constraint is a matroid, the value and
demand oracle can be simulated in polynomial time using greedy algorithms. For more general constraints, it
is standard to assume access to the value and demand oracle. We also show that the adjustable demand oracle
(rather than a demand oracle) is necessary to obtain our XOS result. In Theorem 14, we prove that (even
an approximation of) ADEM; can not be implemented in polynomial time, given access to the value oracle,
demand oracle, and XOS oracle.

As most of the technical barriers already exist in the constrained-additive case, for exposition purposes,
we focus on constrained-additive valuations in the main body (unless explicitly stated).” Before stating our
LP, we first provide a brief recap of the existential result by Cai and Zhao [CZ17] summarized in Lemma 1.'°

Definition 4. For any i € [n],j € [m], and any feasible'! interim allocation o, and non-negative numbers
B ={Bi; € ﬂj}ie[nl,je[m}’ c= {Ci}z‘e[n} andr = {Tij}z‘e[n},je[m} € [o, 1]”~m (referred to as the dual param-
eters), let CORE(0, B, c, 1) be the welfare under allocation o truncated at f3;; + c; for every i, j. Formally,

CORE(0,B,¢,1) =Y > filt:) - Y ous(ti) Y tij - (ﬂ[tz’j < Bij + il + iy Uty = By + Cz‘]) :
T4

SClm] jES

Lemma 1. [CZI7] Given any BIC and IR mechanism M with interim allocation o, where o;5(t;) is the
interim probability for bidder i to receive exactly bundle S when her type is t;, there exist non-negative
numbers B(7) = {5(0 € TijYiem),jelm) cl?) = {cgo)}ie[n} and v(7) € [0, 1]™™ that satisfy'”

1 Siep (Pregltis > B9+ 15) - Proy i = BYT) < .93,

LS er filt)  Ygges ois(t) < Pro [ty > BY) 40 Py [ty = 5], Vi, 4,
3. Zze[n : ) < 8-PREv,
and the corresponding CORE (o, B(") ,cl9), r(")) satisfies the following inequalities:
4. REV(M) < 28 - PREV + 4 - CORE(0, B(7), c(?)  r(?)),
5. CORE(c, 39, ¢(?) r(?)) < 64 . PREV + 8 - REV(M ga)), where MSU) is some TPT mechanism.

Remark 1. For continuous type distributions, there exists B(”) that satisfy both Property 1 and 2 of Lemma 1
(o)

with T = 1,Vi, j for every o. For discrete distributions, such a B(”) may not exist. This is simply a tie-

©,

breaking issue, and the role of v\%) is to fix it. Roughly speaking, r'.’ is the probability that bidder i wins item

7, when she is indifferent between purchasing or not. Readers can treat r(?) as the all-one vector to get the
intuition behind our approach.

The linear program for XOS valuations can be found in Figure 4 in Appendix C.3.

'0The statement is for constrained-additive bidders. See Appendix C.1 for the statement for XOS bidders.

"For constrained-additive bidders, an interim allocation o is feasible if it can be implemented by a mechanism whose allocation
rule always respects all bidders’ feasibility constraints. It is without loss of generality to consider feasible interim allocations.

12[CZ17] provides an explicit way to calculate B ¢ r(?) Wwe only include the crucial properties of these parameters here.



By combining Property 4 and 5 of Lemma 1, Cai and Zhao [CZ17] proved that the revenue of any BIC, IR
mechanism M is bounded by a constant number of PREV and the revenue of some TPT mechanism. Recall
that PREV is the optimal revenue achieved by an RPP mechanism, which is exactly the Sequential Posted
Price mechanism if we restrict the bidders’ valuations to unit-demand. Thus we can compute a set of posted
prices that approximates PREV by Chawla et al. [CHMS10a].

3.1 Tour to Our Relaxation

To facilitate our discussion about the key components and the intuition behind the relaxation, we present the
development of our relaxation and along the way examine several failed attempts. In Theorem 3, we show that
the optimal solution of the relaxed problem can indeed be approximated by simple mechanisms. Due to space
limitations, we do not include details on the approximation analysis in this section, but focus on our intuition
behind each step of our relaxation. Interested readers can find the proof of Theorem 3 in Appendix C.6. We
also assume 7;; to be 1 for every ¢ and j to keep the notation light.

Step 0: Replace Revenue with the Duality-Based Benchmark. Instead of optimizing the revenue, we
optimize the upper bound of revenue. As guaranteed by Lemma 1, for any BIC and IR mechanism M =
(o, p), its revenue is upper bounded by O(PREV + CORE(c, 6(0))), where we use 6(c) to denote the set of
dual parameters (B(" ), cle )) guaranteed to exist by Lemma 1. Since we can approximate PREYV, it suffices to
first approximately maximize CORE(o, §(o)) over all feasible interim allocations o, then compute the TPT in
Lemma | based on the computed 0. CORE(c, f(0)) is the truncated welfare, but the truncation depends on o
in a complex way, causing the function to be highly non-concave in o (Example 1).

Step 1: Two-Stage Optimization. To overcome the barrier mentioned above, we consider a two-stage
optimization problem (Figure 1) by switching the order of dependence between the interim allocation ¢ and
dual parameters 6 = (3, c). In Stage I, we optimize some function H over the dual parameters § = (3, c),
where H (3, c) is the optimum of the Stage II problem for every fixed set of parameters (3, c). Constraint (1)
and (2) in the Stage I problem are due to Property 1 and 3 of Lemma 1 respectively. In Stage II, for any fixed
set of parameters 6 = (3, ¢), we optimize CORE(o, 6) over all feasible o such that the tuple (o, 3, ) satisfy
Property 1, 2, and 3 of Lemma 1. We choose the interim allocation o as the variables, CORE(c, 3, c) as the
objective, and include Constraint (4), which corresponds to Property 2 of Lemma 1. Why is the two-stage
optimization a relaxation? For any interim allocation o, (i) the corresponding set of dual parameters 6(o) is a
feasible solution of the first-stage optimization problem, and (ii) o is feasible in the second-stage optimization
w..t. 0(0), so (8(0), o) is a feasible solution of the two-stage optimization problem.

Stage I: Stage I1:
max H (3,
% H(B,c) H(B,c)=max Y Y fi(ti)- Y ois(t) D>ty 1ty < Bij+cil
1 i€[n] €T SC[m] JjES
st. (1) > Prlti; > fi] <5 Vi | st (3) oisfeasible
icln] 1
“4) 5 fi(ti) - ois(ti) < Prlty; > Biz] Vi, j
(2) Z ¢ < 8- PREV 2 t;ﬁ- S:jZES tij Z 5

i€[n]

Figure 1: Two-stage Optimization over § = (3, ¢) and the allocation o

We now focus on the Stage II problem and try to solve it efficiently for a fixed set of parameters 6. The
objective is a linear function of the variables o, yet the set of variables 0 = {045(ti) }ic[n),sCm]t;cT; has
exponential size. Luckily, the problem can be expressed more succinctly. For any interim allocation ¢ and



dual parameters 6 = (3, c), the objective (CORE(c, #)) can be simplified as follows:

CORE(0,0) = Z fi(t:) Z ois(t;) Ztij Aty < B+l = Z Wi (tij)tej - Lts; < Bij + ci,
i€[n] SC[m] jes i€[n],j€[m]
t€T; tij €T

ey
where wij (ti;) = fij(ti)- 2, _, fi—i(ti—j) - 2ogijes 0is(tij ti—j) forevery i € [n], j € [m], ti; € Tij. We
refer to {wi;(tij) Yic[n),jem),t,;eT;; @ the marginal reduced form of the interim allocation rule o. @;;(t;;)
represents the probability that bidder ’s value for item j is ¢;; and she receives item j, and the probability
is taken over the randomness of the allocation, other bidders’ types, as well as her own values for all the
other items. Now for every fixed dual parameters ¢, CORE is expressed as a linear function of the much
more succinct representation w = {w;;(t;;)}s, j.t;; that has polynomial description size. We rewrite the Stage
II problem as an LP using the variables w. Denote CORE(w, ) the last term of Equation (1), which is the
objective of the problem. By the definition of w, Constraint (4) is equivalent to

% : Z Wi (i) < E}T[tz; > Bijl, Vi, j (@3]

tij €Tij
which is a linear constraint on w. Let PP; be the convex polytope that contains all marginal reduced forms w
that can be implemented by some feasible allocation o (corresponds to Constraint (3)) and P, be the set of all
w that satisfy all constraints in Equation (2). The Stage II problem is equivalent to the LP maxgcp, np, CORE(w, ).
Unfortunately, since P; does not have an explicit succinct description or an efficient separation oracle, it is
unclear if the problem can be solved efficiently.

Step 2: Marginal Reduced Form Relaxation. To overcome this barrier, we consider a relaxation of Py,
where the feasibility constraint is only enforced on each bidder separately. We refer to this step as the marginal
reduced form relaxation. We use @w; = {Wi;(tij)}jepm),t;,;e7;, to denote a feasible single-bidder marginal
reduced form for bidder 7. Formally, we define the feasible region W; of w; in Definition 5.

Definition 5 (Constrained-additive valuations: single-bidder marginal reduced form polytope). For every
i € [n], suppose bidder i has a constrained-additive valuation with feasibility constraint F;. Bidder i’s
single-bidder marginal reduced form polytope W; C [0, 1]21'6[7”1 ITisl s defined as follows: w; € W; if and
only if there exists an allocation rule {o5(t;) }+,eT;, 57, i.e., 05(ti) is the probability that i receives set S
when her type is t;, such that (i) ZSG]—} os(ti) < 1,Vt; € T;, and (i) w;j(t;;) = fij(tij)'zti’,j fi—j(ti—j)-
> sijes 08(ti), for all j € [m] and t;; € Tyj.

Throughout this section, we assume access to a separation oracle of W; for every bidder 7. In Theorem 2,
we present an efficient separation oracle for another polytope /T/TZ that is a multiplicative approximation to
W;, i.e., /WZ is sandwiched between ¢ - W; and W; for some absolute constant ¢ € (0, 1), using only queries
to bidder 7’s demand oracle. We will argue later that we can efficiently approximate our problem with the
separation oracle for W,

Here is our relaxation to the (rewritten) Stage I problem: Instead of forcing @ to be implementable jointly
(w € P1), we consider the relaxed region P’ D P;: w € P’ if and only if: (i) w; € W, for all bidder i € [n],
and (ii) ), Ztij W;;(tij) < 1,Vj € [m]. In other words, P’ guarantees that, for every bidder i, wj; is a feasible
single-bidder marginal reduced form for ¢, and the supply constraint is met in terms of marginal reduced forms
(rather than ex-post allocations).
The main benefit of this relaxation is computational. Without the relaxation, we need a multiplicative approx-
imation of P;. Theorem 2 provides such an approximation if we can exactly maximizes the social welfare —
a computational task that is substantially harder than answering demand queries. Indeed, we are not aware of
any efficient algorithm that exactly maximizes the social welfare with only access to demand oracles of every
bidder. The relaxed problem maxgep/np, CORE(iW, #) is captured by the LP in Figure 2.'%

"*We omit the supply constraint >, >°, @;(t:;;) < 1 asitis implied by Constraint (1) in the Stage I problem and Constraint (4).
ij
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Relaxed Stage I1:

) =max Z Z Z Wi (tiz) - tej - LUts; < Bij + ci)

i€[n] je[m] tij €Tij

st. (3) w; eW; b
L -
@ 5 D @y(ty) < Prlty; = fyj] v
tij !
1) 2 0 Tt

Figure 2: The Relaxed Stage II Problem over the Marginal Reduced Forms

Consider the two-stage optimization with the relaxed Stage II problem. For every fixed parameters 6,
the relaxed Stage II problem can be solved efficiently (assuming a separation oracle of W; for every 7).
Unfortunately, we do not know how to solve the two-stage optimization problem efficiently, as the number
of different dual parameters is exponential in n and m, and enumerating through all possible choices of dual
parameters is not an option. To overcome this obstacle, we need ideas explained in the following step.

Step 3: Lifting the problem to a higher dimensional space. Instead of enumerating all possible dual
parameters 6, we optimize over distributions of the parameters. To guarantee that the number of decision
variables in our program is polynomial, we focus on product distributions over the parameters. Formally, for
every i, j, let C;; be a distribution over V;; x A, where V;; and A are the set of possible values of 3;; and ¢;
accordingly, after discretization (See Footnote « in Figure 3 for a formal definition). All C;;’s are independent.
In our program, we use decision variables {5\” (Bij» 0ij) Yien),jem, Bi€Vij6, €A to represent the distribution
Cij, i.e., Aij(a,b) = Pr(g,; 5.,) NCU [Bij = a A 0;; = b]. Notice that if the parameters are drawn from a product
distribution, the parameter “c;” may be different for each item j. To distinguish them, we use J;; to replace
the original parameter ¢; in our program.

Now we maximize the expected value of the CORE function over all product distributions x; ;C;; (rep-
resented by decision variables \) and the allocations (represented by the marginal reduced form w). If the
parameters 6 and allocation w are generated independently, the expected CORE is not a linear objective, since
the contributed truncated welfare in CORE is w;;(t;5) - j\ij(ﬂij, 8ij)-tij-L[ti; < Bij+0;;) for every tij, Bij, 0ij.
To linearize the objective, we lift the problem to a higher dimensional space and consider joint distributions
over the parameters and allocations. We do not consider arbitrary joint distributions, and only focus on the
ones that correspond to the following generative process: first draw (3,6) from a product distribution (ac-
cording to \), then choose a feasible allocation @(%9) = {@(JB ) (tij) }ijt;; conditioned on (3, 0). Since there
are too many parameters (3, ), we certainly cannot afford to store all @B:9)°s explicitly. Instead, for each
bidder i and item j we introduce a new set of decision variables {\;;(tij, Bij, 6ij) }1,;€7;,,8:;€Vi;,6, €0, Where
Xij(tij, Bij, 0i;) is the marginal probability for the following three events to happen simultaneously in our
generative process: (a) (@-j, 5ij) are the parameters for ¢ and j. (b) Bidder ¢ receives item j. (c) Bidder ¢’s
value for item j is ¢;;. Formally,

A~ ~ 5 ~
Aij (tigs Bij» 0i5) = Nij(Bij 045) - > ( OO (ti) / fi zg)) IT Ay (Biyridisr) 3)
{(8; i3 6,7 ’)}(i’,j’);é(i,j) (@,5")#(,5)
With the new variables )\ij( ij» Bijs Z-j) s, we can express the objective as an linear function:
SN Falti) oty Y. Ayltiy Big, 0i) - Lty < Bij + 6i5)-
i€[n] j€[m] ti;€Tij Bij €Vij,0i;€A

Our program can be viewed as an “expected version” of the the two-stage optimization, when the parameters
0 = (B,0) ~ X, j Ci;j. In other words, we only require the constraints to be satisfied in expectation. We
discuss our relaxation in more details in Section 3.2.



3.2 Our LP and a Sketch of the Proof of Theorem 1

We present a sketch of the proof of Theorem 1 for constrained-additive bidders and our main linear program
(Figure 3). Although the LP has many constraints and may seem intimidating at first, all constraints follow
quite naturally from our derivation in Section 3.1. See Section 3.3 for more details.

The first step of our proof is to estimate PREV using Lemma 2 from [CHMS10a].
Lemma 2 (Theorem 14 and Appendix F in [CHMS10a]). There exists an algorithm that with probability at
least 1 — % computes a Rationed Posted Price mechanism M such that REV(M) > ﬁ(l — %) -PREV.
The algorithm runs in time poly(n,m, >, . |Ti;|).

Denote £ the event that an RPP in Lemma 2 is computed successfully. For simplicity, we will condition

on the event £ for the rest of this section. Let PREV be the revenue of the RPP mechanism found in Lemma 2.

Next, we argue that the LP in Figure 3 (or Figure 4 when the valuations are XOS) can be solved efficiently.
Note that there are poly(n,m, >, ;|7;;|) constraints except for Constraint (1), where we need to enforce the
feasibility of single-bidder marginal reduced forms. It suffices to construct an efficient separation oracle for
W; for every i. However, to the best of our knowledge, W; does not have a succinct explicit description or an
efficient separation oracle. For constrained-additive valuations, we construct another polytope WZ such that:
@) W, is a multiplicative approximation of W, i.e., c- W,; C WZ C W; for some absolute constant ¢ € (0, 1),
and (ii) There exists an efficient separation oracle for /WZ given access to the demand oracle.

Theorem 2. Let T = ZZ j |Tij| and b be the bit complexity of the problem instance (Definition 3). For any

i € [n] and 6 € (0,1), there is an algorithm that constructs a convex polytope W, € [0, 1]2i€[m] 17ii]

poly(n,m, T, log(1/0)) samples from D;, such that with probability at least 1 — 6,
1. 1—12 -W; C /T/TZ C W, and the vertex-complexity (Definition 10) ofW,- is poly(n,m, T, b,log(1/9)).

using

2. There exists a separation oracle SO for /WZ-, given access to the demand oracle for bidder i’s valuation.
The running time of SO on any input with bit complexity b is poly(n,m,T,b,b',log(1/8)) and makes
poly(n,m, T, b,b'  1og(1/8)) queries to the demand oracle.

The algorithm constructs the polytope and the separation oracle SO in time poly(n,m, T, b,log(1/4)).

Indeed, we prove a more general result regarding polytopes that can be expressed as a “mixture of polytopes”
(Theorem 8), which can be viewed as a generalization of the technique developed in [CDW12c] for approxi-
mating the polytope of all feasible reduced forms. We postpone the proof of Theorem 2 to Appendix D.2.

To solve the LP relaxation, we replace W; by W in the LP in Figure 3 for every i € [n], and solve the
LP in polynomial time using the ellipsoid method. Clearly, this solution is also feasible for the original LP
in Figure 3. Moreover, since W; contains c - W;, we can show that the objective value of the solution we
computed is at least ¢ - OPTyp, where OPTp the optimum of the LP in Figure 3. Our proof of Theorem 2
heavily relies on the fact that W; is a down-monotone polytope,'* which does not hold in the XOS case. For
XOS valuations, we construct the polytope W; with a weaker guarantee: For every vector z in I¥;, there exists
another vector 2’ in W; such that for every coordinate 7, z;/ x; € [a, b] for some absolute constant 0 < a < b,
and vice versa. See Appendix E for a complete proof of Theorem 1 (including the XOS case).

Next, we argue that the LP optimum can be approximated by simple mechanisms. [CZ17] shows that
for any BIC and IR mechanism M, CORE(o, B(U) ,cl?) ylo )) (as stated in Lemma 1) can be bounded by a
constant number of PREV and the revenue of a TPT (see Property 5 of Lemma 1). We generalize their result by
proving that for any feasible solution of the LP, its objective can be bounded by (a constant times) the revenue
of a RPP or TPT mechanism, and the mechanism can be computed efficiently given the feasible solution.

Definition 6. Let (w, A\, \,d = (di)icin)) be any feasible solution of the LP in Figure 3. For every j € [m],
define Q5 = 5+ Yicpn) Lot e, Jii(tia) - tig - X, v, a,ea i (tis By i) - Llteg < Bij + 635).1

A polytope P C [0, 1]d is down-monotone if and only if for every & € P and 0 < &’ < x, we have ' € P.
SRecall that \;; (7, Bij, di;) is introduced in Step 3 of Section 3.1. See Figure 3 for the formal definition.
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Clearly, for any feasible solution of the LP, the objective function is 2+ j€lm] @ ;. We prove in Theorem 3
that 2 - ) jelm] ()j can be bounded by the revenue of Mrpr (Mechanism 1) and the RPP Mpp (Lemma 2).
As we can efficiently compute a feasible solution whose objective is 2(OPTyp), Theorem 3 implies that we
can compute in polynomial time a simple mechanism whose revenue is at least 2(OPTLp + PREV).

Theorem 3. Let (w, A\, \, d) be any feasible solution of the LP in Figure 3. Let Mpp be the rationed posted
price mechanism computed in Lemma 2. Let Mrtpr be the two-part tariff mechanism shown in Mecha-
nism I with prices {Qj}je[m]. Then the objective function of the solution 2 - Zje[m] Qj is bounded by
c1 - REV(Mpp) + c2 - REV(M7pr), for some absolute constant ¢q,ca > 0. Moreover, both Mpp and Mpr
can be computed in time poly(n,m, >, . |T;;|) with access to the demand oracle for the bidders’ valuations.

The proof of Theorem 3 combines the “shifted CORE” technique by Cai and Zhao [CZ17] with several
novel ideas to handle the new challenges due to the relaxation. We postpone it to Appendix C.6.

Mechanism 1  Two-part Tariff Mechanism Mtpt

0: Before the mechanism starts, the seller computes the price (Q; (Definition 6) for every item j.

1: Bidders arrive sequentially in the lexicographical order.

2: When bidder i arrive, the seller shows her the set of available items S;(t<;) C [m], as well as their prices.
Note that S;(t-;) is the set of items that are not purchased by the first ¢ — 1 bidders, which depends on
t<i. We use S1(t<1) to denote [m].

3: Bidder i is asked to pay an entry fee. The seller samples a type ¢, ~ D;, and sets the entry fee as:

&i(Si(t<i) ;) = maxgcs, iy (vi(t;, S') = esr Qj>. The entry fee is bidder 4’s utility for her fa-
vorite set under prices Q;’s if her type is t.
4: If bidder 7 (with type t;) agrees to pay the entry fee &;(S;(t<;), t;), then she can enter the mechanism and

take her favorite set S* € arg maxgicg,(i_,) (vi(ti, S = Yjes Qj), by paying > . g Q;. Otherwise,
the bidder gets nothing and pays 0.

Remark 2. Theorem 3 indeed holds even if the bidders arrive in an arbitrary order in Mypr. We choose the
lexicographical order only to keep the notation light.

We complete the last step of our proof by showing OPT = O(OPTy.p + PREV) in Lemma 3. More
specifically, we show that for any mechanism M = (o, p), the tuple (o, 3(?),c(?), r(@)) stated in Lemma 1
corresponds to a feasible solution of the LP in Figure 3 whose objective is at least CORE(o, B(”) ¢l r(")).
Hence, the revenue of M is upper bounded by PREV and OPTyp. The proof is postponed to Appendix C.4.
Indeed, for both Theorem 3 and Lemma 3, we prove a general statement that applies to XOS valuations, which
requires a generalized LP and definitions. See Theorem 6 and Lemma 5 in Appendix C for details.

Lemma 3. For any BIC and IR mechanism M, REV(M) < 28 - PREV + 4 - OPTpp.

3.3 Interpretation of Our LP in Figure 3.

We explain our LP in this section. The objective is the expected CORE, as explained in Step 3 in Section 3.1.
According to our definition of A;;(t;;, 8, 6;;) and Constraint (3), {wj;(t;;) }:,5,t,; corresponds to the expected
marginal reduced form, that is, w;;(t;;) is the expected probability for bidder i to receive item j and her
value for item j is t;;. Constraints (1) and (2) simply sets the feasible region of the expected marginal
reduced form w. They follow directly from the fact that every realized @(%9) is feasible (see Step 3 in

Section 3.1). Constraint (4) follows from Equation (3) and the fact that every %) (tij)/ fij(tij) is in [0, 1].

v

Constraint (5) implies that {Xij(ﬁij, dij)}p.;.6:; correspond to a distribution C;;.
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max Z Z Z fij(tig) - tiz - Z Aij(tijs Bijs 6i5) - Lltij < Bij + gl
i€n] j€[m] ti; €Ti; Bi;j EVij,0i EA
s.t.

Allocation Feasibility Constraints:

Yo > wilty) <1 V3
o ti;€ETij

Natural Feasibility Constraints:

(3) f’tj 1] Z Z >\1] ZJ?/B’Ljv 1]) - wlj(tw) Vivjvtij S ,Ej
Bij EVij 6i;EA

(4)  Nij(tij, Bij» 0i5) < Aij(Bij, 0ij) Vi, j,tij, Bij € Vij, 045

(5) > Ai(Bi,6i) =1 Vi, j

BijE€Vij,0i; EA

Problem Specific Constraints:

- 1 .
(6) Z Do D Mi(Big i) o FL [ 2 Byl < 5 Vj
i€[n] Bij EVij 0ij €A
1
(7) 5 Z fij(tij) ()\1] (tij7 ﬂij, 5”) aF >\ij (tij, ﬂ:;, 51])) S
55 €Ty
Xij (Bij, 0ij) - Pr[tU > Biil + X (B, 8i5) -Ejr[tij > Bl Vi, Bi € VY, 0 €A
(8) Z 8ij - Nij (Bij, 0i) < ds Vi, j
Bij EVij,0:5EA
9 > di <111-PREV
i€[n]
Aij(tiz, Big, 055) = 0, Aij(Bij, 0i5) = 0,ws5(ti5) = 0,d; > 0 Vi, j,tij, Bij € Vi, 0ij

Variables: ¢

- /\ij (tij, /B’ijv 5ij)7 for all ¢, 5 and tij € 7-ij’ Bij € Vij, 51'3‘ € A. See Step 3 of Section 3.1 for an explanation of this
variable.

= S\ij (ﬁija (5¢j), for all ¢, j, Bij € Vij, (Sij € A, denoting the distribution Cij over Vij x A.

- w;j(ti;), for all ¢ € [n],j € [m],t;; € Tij, denoting the expected marginal reduced form. We denote w; =
{w;;(t ”)} je[m).t:;eT;,; the vector of all variables associated with bidder i.

- d;, for all ¢ € [n], denoting an upper bound of the expectation of d3; over distribution C;; for all j.

“For every 1, j, let V?j = T;; be the set of all possible values of ¢;;. To address the tie-breaking issue in Remark 1, lete, > 0
be an arbitrarily small number,and define V; = {ti; + &, : ti; € '7']} and V” =V u V"' Let A be a geometric discretization

of range [PREV/n 55 - PREV] Formally, 5 € Aifand only if 6 = = - PREV for some integer x such that 0 < z < [log(55n)].
Finally, for each S € V?], let BT =B +er € V+ Note that the LP (or the LP in Figure 4) do not depend on the choice of €, so
we can choose ¢, to be sufficiently small. In fact let b be an upper bound of the bit complexity of the problem instance, and the

bit complexity of any feasible solution of our LP. Our proof works as long as &, < min{ m, PRT;_ | 1
©j

Figure 3: LP Relaxation for Constrained-Additive Bidders

Constraints (6) - (9) are specialized for our problem, which guarantees that the LP optimum can be
bounded by simple mechanisms. Constraint (6) follows from taking expectation on both sides of Con-
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straint (1) in Figure 1, over the randomness of 3;;. Constraints (8) and (9) correspond to Constraint (2) in Fig-
ure 1. Here we bound the expectation of d;; by a unified upper bound d; for every 4.1 It is worth emphasizing
Constraint (7), which corresponds to Constraint (4) in Figure 1 (and Figure 2). Instead of taking expectations
over the dual parameters, we force the constraint to hold for every 3;; and d;;. This is an important property
that is crucial in our analysis (see Footnote 22 in Lemma 9). Readers may notice that Constraint (2) is implied
by Constraints (3), (6) and (7). We keep Constraint (2) so that it is clear that the supply constraint is enforced
over the (expected) marginal reduced form. The Problem Specific Constraints (6)-(9) in the LP in Figure 3
are expected versions of the constraints in the two-stage optimization problem in Figure 1, which are directly
inspired by the Properties 1, 2, and 3 in Lemma 1. They are crucial to guarantee that optimal value of the LP
in Figure 3 is still approximable by simple mechanisms.

4 Sample Access to the Distribution

In this section, we focus on the case where we have only access to the bidders’ distribution. Our goal is again
to compute an approximately optimal mechanism. Our plan is as follows: (i) for each i € [n] and j € [m)],
take O(log(1/8)/e?) samples from D;;, and let D be the uniform distribution over the samples. By the DKW
inequality [DKW56], IA)Z-]- and D;; have Kolmogorov distance (Definition 30) no more than ¢ with probability
at least 1 — 0. (ii) We then apply our algorithm in Theorem 1 to compute an RPP or TPT that is approximately
optimal w.r.t. distributions {Bw }ie[n], jelm]- We show that the computed simple mechanism is approximately
optimal for the true distributions as well. The proof of Theorem 4 is postponed to Appendix F.

Theorem 4. Suppose all bidders’ valuations are constrained additive. If for each i € [n] and j € [m], D;;
is supported on numbers in [0, 1] with bit complexity no more than b, then for any € > 0 and § > 0, with
probability 1 — 8, we can compute in time poly(n,m,1/e,log(1/6),b) a rationed posted price mechanism
or a two-part tariff mechanism, whose revenue is at least ¢ - OPT — O(nm?e) for some absolute constant c.
The algorithm takes O (k’g(zfm/év samples from each D;; and assumes query access to a demand oracle for
each bidder.

'5This corresponds to the fact that in Lemma 1 (and Figure 1), there is a single ¢; that represents ;.
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A Additional Preliminaries

Definition 7. [RWI5] Let D; be the type distribution of bidder © and denote by V; her distribution over
valuations v;(t;, -) where t; ~ D;. We say that V; is subadditiver over independent items if

* v;(+,-) has no externalities, that is for any S C [m), t;,t, € T; such that t;; = t,. jfor j €S, then
ti, S) = vi(t, S).

* v;(-,-) is monotone, that is for each t; € T, and S C T C [m], v;(t;, S) < vi(t;, T)

vi(
(
o (s, ) is subadditive function, that is for all t; € T; and S1,S2 C [m], vi(t;, S1 U S2) < vi(t;, S1) +
v; (i, S2)

Mechanisms: A mechanism M in multi-item auctions can be described as a tuple (x,p). For every type
profile ¢, buyer ¢ and bundle S C [m], x;5(t) is the probability of buyer i receiving the exact bundle S at
profile ¢, p;(t) is the payment for buyer 7 at the same type profile. To ease notations, for every buyer i and
types t;, we use p;(t;) = E¢_,[pi(ti, t—;)] as the interim price paid by buyer ¢ and 0;5(t;) = E¢_, [xis(ti, t—;)]
as the interim probability of receiving the exact bundle S.

IC and IR constraints: A mechanism M = (z,p) is BIC if:

Z UiS(ti) : Ui(tla 2 Z % tla S) - pl(t;)7VZ7 ti7 t; € 7;
SC[m] SCm
The mechanism is DSIC if:
> wis(tivt—i)-viti, §) —pitit Z is(ti t—i) -vi(ti, S) = pi(ti,t—i), Vi, ti, t} € Tiyt—i € Ty
SClm)] SC[m

The mechanism is (interim) IR if:

> ais(ti) - viti, S) — pit:) > 0,Vi, t; € T,

5C[m]

The mechanism is ex-post IR if:

Z wis(tiyt—i) - viti, S) — piti, t—i) > 0,Vi,t; € Tiyt—; € T
SC[m]

Definition 8 (Separation Oracle for Convex Polytope P). A Separation Oracle SO for a convex polytope
P C RY, takes as input a point & € R% and if x € P, then the oracle says that the point is in the polytope. If
x ¢ P, then the oracle output a separating hyperplane, that is it outputs a vectory € R? and ¢ € R such that
yl'e < ¢ butforz € P,y'z > c

Definition 9 (Polytopes and Facet-Complexiy). We say P has facet-complexity at most b if it can be written
as P = {Z | Z- T < ¢, Vi € T}, where each @™ and ¢; has bit complexity at most b for all i € T.
We use the term convex polytope fo refer to a set of points that is closed, convex, bounded,"” and has finite
facet-complexity.

Definition 10 (Vertex-Complexity). We use the term corner to refer to non-degenerate extreme points of a
convex polytope. In other words, i is a corner of the d-dimensional convex polytope P if 7 € P and there
exist d linearly independent directions @V, ..., 0D such that 7 - W) < ¢ - @D forallZ € P,1 < i <d.
We use CORNER(P) to denote the set of corners of a convex polytope P. We say P has vertex-complexity at
most b if all vectors in CORNER(P) have bit complexity no more than b.

7P C R? is bounded if it is contained in [—zx, 2] for some z € R.
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The following fact states that the vertex-complexity and facet-complexity of a polytope in R¢ are off by
at most a d? multiplicative factor.

Fact 1 (Lemma 6.2.4 of [GLS12]). Let P be a convex polytope in R%. If P has facet-complexity at most b, its
vertex-complexity is at most O(b - d?). Similarly, if P has vertex-complexity at most ¢, its facet-complexity is
at most O(( - d?).

Theorem 5. [Ellipsoid Algorithm for Linear Programming [GLS12]'%] Let P be a convex polytope in R?
specified via a separation oracle SO, and € is any fixed vector in R%. Assume that P’s facet-complexity and
the bit complexity of ¢ are no more than b. Then we can run the ellipsoid algorithm to optimize ¢ - T over P,
maintaining the following properties:

1. The algorithm will only query SO on rational points with bit complexity poly(d, b).

2. The algorithm will solve the linear program in time poly(d, b, RTso (poly(d,b))), where RTso(x) is the
running time of the SO on any input of bit complexity x.

3. The output optimal solution is a corner of P.

B Some Examples

B.1 Non-Concavity of CORE

In this section, we show that the CORE(o, §(o)) function is non-concave in the interim allocation rule o. We
first provide the formal definition of #(c) for a single-bidder two-item instance, and we use CORE“Z (o) to
denote CORE(c,0(0)).

Definition 11 (Core for a single additive bidder over two items with continuous distributions - [CZ17]).
Consider a single bidder interested in two items, whose value is sampled from continuous distribution D
with support T = SUPP(D) and density function f(t) for t € T. Consider a feasible interim allocation
o = {01(t), 02(t) }esuer(p), that is 01(t) (o2(t) resp.) is the probability that the allocation rule awards item
1 (item 2 resp.) to a bidder with type t. Define

Bi(o) = argzngin [tllzgl [t1 > 8] = tEED (o1 (t)]] P2(0) = arg min [ Pr [te >8]= E [O’Q(t)]:|

and

c(o) = ar§>ngin {tErD [t1 < Bi(o) +a] + ti’jrj [t < Ba(0) 4+ a] > %}

The term COREC? for interim allocation o is defined as follows:

CORE“%(0) = E [o1(t)t1 - L[ty < Ba(0) + c(o)]] + E [o2(t)t2 - Lfts < Ba(0) + c(0)]]

In Example 1 we show that CORECZ (o) is a non-concave function even in the setting with a single bidder
and two items. The reason for the CORE®? being non-concave lies in the fact that the interval which we
truncate depends on the interim allocation . Computing the concave hull of COREC? (o) in the worst case
requires exponential time in the dimension of the space, which is m is our case.

Example 1. Consider a single additive bidder interested in two items whose values are both drawn from the
uniform distribution U|0, 1]. Consider two interim allocation rules o and o' :

18Properties 1 and 2 follow from Theorem 6.4.9 of [GLS12] and Property 3 follows from Remark 6.5.2 of [GLS12].
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* 0: Award the first item to the buyer if her value for it lies in the interval [0, 1/2] and never award the
second item to the buyer.

e o': Always award the first item to the buyer and never award the second item to the buyer.

According to Definition 12, for allocation rule o, the dual parameters are $1(0) = 1/2, fa(0) =
c(o) = 0, which implies CORECZ (¢) = 1/8. Similarly for allocation rule o' we have (1 (c") = 0, fa(c
and c(c") = 0, which implies that CORE“Z (¢”) = 0.

Consider the interim allocation o" that uses allocation rule o with probability 50% and o’ with 50%. Note
that o' is in the convex combination of o and o' and more specifically o = 020/. For interim allocation o"
we have that B1(c") = 1/4, B2(c”) = 1 and c(c") = 0, which implies that CORE“Z (¢") = 5. We notice
that the second item contributes nothing to the CORECZ, but it ensures that ¢ = 0 regardless of the allocation
of the first item. Thus CORECZ (¢”") < 3(CORE®Z(0) + CORE“?(c")), which implies that CORECZ () is

not a concave function.

1 and
/):1

B.2 Why can’t we use the Ex-Ante Relaxation?

An influential framework known as the ex-ante relaxation has been widely used in Mechanism Design, but
is insufficient for our problem. Informally speaking, ex-ante relaxation reduces a multi-bidder objective to
the sum of single-bidder objectives subject to some global supply constraints over ex-ante allocation proba-
bilities. To solve the ex-ante relaxation program efficiently, the single-bidder objective has to be concave and
efficiently computable given the ex-ante probabilities [Alall].

In revenue maximization, the single-bidder objective — the optimal revenue subject to ex-ante probabili-
ties — is indeed a concave function. However, we do not have a polynomial time algorithm to even compute
the single-bidder objective given a set of fixed ex-ante probabilities.'” To fix this issue, one can try to find
a concave function that is always a good approximation to the single-bidder objective for any ex-ante prob-
abilities. To the best of our knowledge, such a concave function only exists for unit-demand bidders via the
copies setting technique [CHMS10b]. Alternatively, one can replace the global objective — optimal revenue
by the upper bound of revenue proposed in [CZ17]. Yet the corresponding single-bidder objective for one
term CORE in the upper bound is highly non-concave, which makes the ex-ante relaxation not applicable.

Although the term CORE was originally defined for interim allocation rules (as in Definition 11), it can also
be defined for ex-ante probabilities. We only define it for the single-bidder two-item case. Let ¢ = {q1,q2} €
[0,1]%, and MAX-CORE = max,cy(q) CORE“Z(0), where ¥(q) is the set of feasible interim allocations that
awards the first item with probability at most ¢; and the second item with probability at most go. Example 2
also shows that MAX-CORE(+) is a non-concave function by observing that o € ¥(1/2,0),0’ € £(1,0) and
o’ € %(3/4,0).

Definition 12 (Core for a single additive bidder over two items - [CZ17]). Consider a single bidder interested
in two items, whose value is sampled from Dy x Ds. Consider a supply constraints qi, qs € [0, 1]. Note that
q1 (or q2) is the probability that a mechanism awards the first item (or the second item) to the bidder. Define

1 = arg min [ Pr [t > ] = q1] B2 = arg min [ Pr [t > ] = Q2]
50 [t~D1 pz0  [t2~vDo

and

DO | =

c:argmin{ Pr t1<pi+a]+ Pr [ta<pPa+a]l>
a>0 ti~D1 ta~Do

“The closest thing we know is a QPTAS for a unit-demand bidder. See Section 1.2.
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The term MAX-CORE is defined as follows:

MAX-CORE (q) = max > Alt)tw(t)+ max > falta)tews(ts)
:c1:7’1—>[0,1} HeTs :CQZ'TQ—)[O,H toe T
Zien flt)zilt)=ar, 251 Liyer, fo(t2)wa(tz)=a2, 252

In Example 2 we show that MAX-CORE(q) is a non-concave function even in the setting with a single
bidder and two items. The reason for the MAX-CORE being non-concave lies in the fact that the interval
which we truncate depends on the supply constraints . Computing the concave hull of MAX-CORE(q) in the
worst case requires exponential time in the dimension of the space, which is m is our case. These facts make
the ex-ante relaxation approach not applicable to solve our problem.

Example 2. Consider a single additive bidder interested in two items whose values are both drawn from the
uniform distribution U0, 1]. Consider the values ¢ = (1/2,0) and ¢’ = (1,0). According to Definition 12,
for q we have that ﬁfq) =1/2, 55(1) = 1and 9 = 0 and for ¢’ we have ﬁ%q/) =0, ﬁéq/) = 1and \7) = 0.
We notice that the second item contributes nothing to the MAX-CORE, but it ensures that ¢ = 0 regardless
of the supply demand for the first item. Observe that MAX-CORE(q) = 1/8 and MAX-CORE(q') = 0.
Let " = (¢ + q')/2 = (3/4,0). For q", observe that ﬁfq”) = 1/4, ﬁéq”) = 1and 7)) = 0. We have
MAX-CORE(q") = 1/32. Thus MAX-CORE (¢") < $(MAX-CORE(q) + MAX-CORE(q")), which implies
that MAX-CORE(+) is not a concave function.

C Missing Details from Section 3

In this section, we provide a proof of Theorem 3. Indeed, we prove a generalization that works for XOS
buyers (Theorem 6), with the generalized of the single-bidder marginal reduced form polytope Definition 14
and a generalized LP (Figure 4).

Theorem 6. Let (w, \, A\, d) (or (m,w, A, A\, d)) be any feasible solution of the LP in Figure 3 (or Figure 4).
Let Mpp be the rationed posted price mechanism computed in Lemma 2. Let Mrpr be the two-part tariff
mechanism shown in Mechanism 1 with prices {Q; } jelm) (Déefinition 15). Then the objective function of the
solution 2 - Zje[m} Q; is bounded by ¢ - REV(Mpp) + ¢ - REV(Mypr), for some constant cy,ca > 0.
Moreover, both Mpp and Mypr can be computed in time poly(n,m, ZZ j ), with access to the demand
oracle for the buyers’ valuations.

ij

C.1 Result by Cai and Zhao [CZ17] for XOS Valuations

The result by Cai and Zhao [CZ17] applies also to XOS valuations. Here we state their result for this general
case. Note that this is a generalized definition and lemma for Definition 4 and Lemma 1.

Definition 13. For any i € [n],j € [m], let Vioj = {Vi;(ti;) : tij € Ti;}. For any feasible interim allocation
o, and non-negative numbers 3 = {f3;; € Vioj}ie[n},je[m}» c= {citiem) and v = {rij}icp) jepm) € 10, 1]"™
(which we refer to as the dual parameters), define CORE(o, 3, c,r) as the welfare under allocation o trun-
cated at 3;; + c; for every i, j. Formally,

CORE U ﬁ, c, I' Z Zfl i Z UiS(ti) Ztij . (ﬂ[tij < Bij + Ci] + 745 ]l[tij = Bij + Cz])
SC[m] j€S
if the buyers have constrained-additive valuations, and
CORE(0, B, ¢, 1) ZZfZ DY aist) Y5t (1Vistiy) < By + el + i1 [Vig(tiy) = By + il
SClm] j€S
. . S k*(t;,9) * k
if the buyers have XOS valuations. Here ~;;(t;) = ay; (tij), where k*(t;,S) = arg inz[in] (Z g (tij))-
€
JES
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Lemma 4. [CZI7] Given any BIC and IR mechanism M, there exists (i) a feasible interim allocation o,’"

where 0;5(t;) is the interim probablllty for buyer 1 to recelve exactly bundle S when her type is t;, (ii) non-
negative numbers 3(%) = {ﬁij }ze[n l.j€lm = {c } ic[n) and r(@) € [0, 1] that depend on o,

and (iii) a two-part tariff mechanism ./\/ll such that

1 S (Pri, Wiglt) > BT+ 15 Py, Vi (ki) = BYT) < 5.

L e filts) - Tosjes ois(t) < Pr [Vij(tig) > B 47 Pro, [V (ki) = B, i, j.
3. REV(M) < 28 - PREV + 4 - CORE(c, B(%), c(?), r(9)),
4. i c” < 8- PREV.

5. CorE(0, B, ¢l), r(®)) < 64 - PREV + 8 - REV(M\”).

C.2 Single-Bidder Marginal Reduced Form Polytope for XOS Valuations

In Definition 14 we define the single-bidder marginal reduced form polytope W, for XOS buyers, which
differs from the single-bidder marginal reduced form polytope for constrained-additive valuation is several
ways. In Definition 14, we define a distribution afé over all possible subset of items S C [m] and over the
finite number k£ € [K] over additive functions that can be chosen when we evaluate the value that the buyer
has for a set of items. In Definition 5, the distribution og was only over sets in the set of feasible allocations.

Similar to Definition 5, ;;(¢;;) is equal to f;;(¢;;) times the probability that the i-th buyer receives the

Jj-th item. In contrast to Definition 5, in Definition 14, the value of w;;(t;;) is ‘f/” (( t” )) times the expected value

that the buyer has for the item when we are allowed to choose which additive functlons in k € [K| we count
the value of the buyer, or we are even allowed to allocate an item to the buyer but count zero value for it (that
is equivalent to just throwing away the item).

Definition 14 (XOS valuations: single-bidder marginal reduced form polytope). For every i € [n], the single-
bidder marginal reduced form polytope W; C [0, 1]2'2' 1Tl s defined as follows. Let 7v; = (m;j(tij))jt;,; €T,

and w; = (wij(tij))jt.;e7:,- Then (mi,w;) € Wy if and only if there exist a number O'g )( t;) € [0,1] for every
ti € Ti, S C [m], k € [K], such that

1. ZS,k Jgk)(tz) <1Vt eT,.
k ..
2. mij(tig) =fij(tiz) - Ztiﬁj fi—i(ti=5) - 2osijes 2onelk] Ué‘ )(tijvti,—j)’for alli, j, ti € Tij.

(k)
k ;. (L
3o wij(ti) <fij(tig) - 2o, fimi(ti=i) - YXsijes 2onelx) o (i) - Vi J JJorall i, j,tij € Tij.

2Note that when buyers have constrained-additive valuations, it suffice to take o to be the interlm allocatlon rule of M. For XOS
valuations, o will be the interim allocation of a modified version of M. See Section 5 in [CZ16] for details.
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C.3 The Linear Program for XOS valuations

max Z Z Z Jij(tsg) - Vij(ti;) -

i€[n] j€[m] tij €Tij

> it Big» 0i3) - 1[Vig(tig) < Bij + 65

Bij EVij

di; EA

S.t.
Allocation Feasibility Constraints:
(1) (7T1',’LU1') e W;
> D mylty) <1
(R ICER

Natural Feasibility Constraints:

Vi
\)

(3 f’bj ’Lj Z Z Azg ZJ?/BZjv ’LJ) —wm( U) Vivjvtij 67;]‘
BijE€Vij di;EA
(4) Xij(tigs Big» 015) < Aij (B 0i5) Vi, §, tij, Bij € Vi, 0ij
(5) Z Aij(Bij»0i5) = 1 Vi,
(855 &€V
0ij €A
Problem Specific Constraints:
. 1 ’
zé[n] Bij€Vij di; EA
(7) 5 Z fZJ iJ ( 17 ZJ?ﬂZJ? Zj) +>\1,j( U,ﬂ”,(s”)> S
t1]67—l]
;\ij (Big 0iz) - Pr[Vij (t) = Big] + hes((B55 ) - Pr{Vy; (ty) 2 BXl Vi, j,Bi € Vi, 05 € A
®) D bij- Aiy(Biys 6i) < ds Vi, j
Bij €Vij
di;EA
9 > d <111-PREV

1€[n]

Aij (s Bijy 0s5) = 0

Figure 4: LP for

The LP for XOS valuations can be found in Figure 4. Here
lij € ’Ej} and V;; = V?j U V;; . We notice that this is consistent with our LP for constrained-additive buyers

Xij (Bijs 8i) > 0,m35(ti;) > 0,wi5(ti;) > 0,d; > 0

Vi, 3, tij, Bij € Vij, 0ij

XOS Valuations

Vi = {Vij(tiy) : tij € Tis}

(Figure 3), as V;;(t;j) = t;; for constrained-additive buyers.

Denote OPTyp the optimum objective of the LP in Figure 4. Similar to the constrained-additive case, we

have the following lemma.

Lemma 5. When buyers have XOS valuations, for any BIC and IR mechanism M, REV(M) < 28 - PREV +

4-OPTyp.

C.4 Proof of Lemma 3 and Lemma 5

Proof. The proof is stated for XOS buyers, whose LP contains a new set of variables 7 compared to the LP
for constrained-additive buyers. When the buyers have constrained-additive valuations, we can simply treat m

to be the same as w. Also, note that Vij(tij) = t;; for constrained-additive valuations.

1

9

Vi = {Vij(tij) +e -



Let tuple (&, B, c,r) be the one stated in Lemma 4 for M. Consider the following choice of variables of
the LP in Figure 3 (or Figure 4). For every 1, j,t;;, let

wij(tiy) = fij(tig) - Y fimi(timg) Y Gus(tijsti—j)
ti,—€Ti,—j S:jes
if the buyers’ have constrained-additive valuations. Let

mig(tis) = Fig(tis) - Y fig(tig) Y Gis(tij tij)

ti €T~ sijes

S
. Vi (t:)
wii(tig) = fig(tig) - Y Fai(tig) D Gis(tij tij) - V,Z?(t,,)-
ti i €Ti—j S:jes AN
if the buyers’ have XOS valuation. For each ¢;, we notice that by Lemma 4 and Lemma 2, 0 < ¢; <

8 - PREV < 55 - PREV when n - m > 110. We round it up to the closest number in A, and we denote it using
¢;. Clearly,

CORE(c, 3,¢,r) < CORE(0, 3, ¢,1).

Xij(tij, Bij, 0i;) and /\U(BU, d;j) can be set to non-zero only if 3;; € {52],5 '} and 0;; = ¢;. More
specifically, we choose the variables as follows.

o Nij(tig, Bijr ci) i= rij - wig(tig) ) fig (L)

* Nij(tig, B i) = (L= rig) - wij(tis)/ Fiy (ti5),
o Nij(Bijs i) = Tijs

. )\U(ﬁ”, ci) =1—1

s di = ¢.

We show that this is indeed a feasible solution of the LP in Figure 3 by verifying each constraint. We first
prove that (7;, w;) € W; for every 4. This is clear for constrained-additive valuations. For XOS valuations,

consider the mapping O'Z(];v) (ti) = Gis(t;) - L[k = argmaxpex] D jes ozz(j )(tw)] for every t; (we break ties

arbitrarily). Thus by the definition of 7”, we have d;5(t;) - %j( i) =Dk Uzs ( i) - (k)( t;). Then clearly
(7, w;) satisfies all of the conditions in Definition 14.

For Constraint (3), LHS equals to f;;(t;;)- (/\ij(tij, Bij, i) + Nij(tij, 5:5, cl)> w;j(t;;). Constraint (2) fol-
lows from the fact that & is a feasible interim allocation rule, and each item j can be allocated to at most one
buyer for every type profile. Thus

D0 malti) =3 D filt) Y duslt) <1
i i it S:jeS
By property 1 of Lemma 4 and the choice of ¢,, we have that for every j,

Z Z /\U 5” ti; Pr J[ w( ZJ) >52]]

1€[n] B EVij

= Z <TZJ Fr Vij(tiy) > 5@3] (1 — 1) - ?r[‘/lj(tlj) > 5+]>

1€[n]

= Z <Pf Vij(tig) > Big) + rij - Dr{Vi () = B:ﬂ) <

N | —
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Thus, Constraint (6) is satisfied. For Constraint (7), we only need to verify the constraint for 3;; = @j S Vioj.
LHS equals to 1 Ztij w;;(ti;). We notice that ’ylsj(tl) < Vi;(ti;) for all ¢, j, S (for XOS valuations). Thus

Z wzg Z fu Z]) Z fi,—j(ti,—j) Z UzS( Z]atl —j Z fz z Z UZS(ti)

ti; €75 ti; €Tij ti, ;€T ;5 S:jes t;€T; S:jes

Since r;; € [0, 1] for all 4, j, by property 2 of Lemma 4 and the choice of ¢,, we have

. 1
LHS of Constraint (7) §§ Z fi(ti) - Z Gis(t;) = Pr[Vw( i) > Bi] +rij - Pr[ Vij(ti) = Bij]
ti€T; S:jeS

=Xij(B5) - Pr{Vij(ty) 2 B3] + Aij (Big) - Pr{Vij(ti) = Byl
1 ij
For Constraint (4), since %J( i) < Vij(ti;) for all 4,4, S and ZSE[ ]O'Zs( i) < 1, we have w;j(t;;) <
fij(tij). Thus
~ wii(ti; R
Aij(tigs Bij, ¢i) = 1ij - 7']( '?) < rij = Nij(Bijr @)
and
= w
Xij(tig, B, i) = (1 —145) -

Constraint (8) and (5) are straightforward since 5\2-]- (Bij, 6:) = rij - L[Bi; = B,j N dij = &, 5\2-]- (Bij, 0:) =
(1 — rij) . ﬂ[ﬁij = ﬁ AN 52] = Cz] and d; = ¢;.

Lastly, for Constraint (9), we notice that for every i € [n], ¢ < max{PR%, 2¢; }. Thus by property 4 of
Lemma 4, when n - m > 110,

3 ¢ <2-Y ¢ +PREV < 16- PREV + PREV < 111 - PREV
i€[n] i€[n]

Thus the solution is feasible. We are left to show that the objective of the above solution is at least
CORE(6, B, ¢,r). In fact, by the definition of w;;(;;),

Core(d,B.&,1) =Y S 3 wylty) Vi t,j).(n[v,-j(tij)<Bij+é,-]+r,-j.n[v,j( j) =By + &)

ZE[’/L ]G[ }t”eﬂ]

<ZZZwU ZJ Z 2])']1[Vij(tij)§5ij+éi].

tij
This is exactly the objective of the LP in Figure 3 according to the choice of ¢, since
Xij (tigs Bigs 0i7) - 1[Vij(tig) < Bij + &) + Nij(tig, B55, 05)-A[Vi (tig) < B + 4]
wij (tij ) 5o
= Vi (ti:) < Bii + &
e Vi) < By + )
The proof is complete by invoking property 3 of Lemma 4. O
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C.5 Bounding the Difference between the Shifted CORE and the Original CORE
We first give the following definition as a generalization of Definition 6.

Definition 15. Let (7, w, A, N\ d = (di)iejn)) be any feasible solution of the LP in Figure 4. For every j € [m],
define

1
Q=35 Yo filty) - Vigltg) - Y Nty Bigs 6ij) - 1Vij(tiy) < Bij + 6i5].

i€[n] tij E'ﬁj Bij €Vij

0i; €A
Recall that by Constraint (5), for every ¢, j, S\ij (+,-) can be viewed as a joint distribution C;; over V;; x A,
ie. Prig,; s,)~ci; Bij = a A by = b = Nij(Bij = a,6;5 = b). Denote B;; the marginal distribution of
Bi; with respect to C;;. Inspired by the “shifted core” technique by Cai and Zhao [CZ17], we need further

definitions to describe the welfare contribution by each item under a smaller threshold.

Definition 16. For every i € [n), define*!

N =

T ﬂlﬁg% Ez[:] tiJ‘NDz‘Egz‘jNBij [‘/;J (tij) = maX(ﬁij’ Qj * 33)] =
JEIM

Then for every j € [m], define
A 1 .
Q=3 D> Fulti) Vigltg) - D0 Nilty, B, 05) - 1[Vig(tiy) < min{By; + 635, Q5 + 73}
i€[n] ti; €Tij Bij€Vij
d;5€A

We prove in Lemma 6 that the difference between j€m] Q; and > j€lm] Qj can be bounded using
PREV.

Lemma 6. For every j € [m] Qj > Qj. Moreover, there exists some absolute constant ¢ > 0 such that

Z Q; < Z Qj+C‘PREV

j€m] Jelm]

To prove Lemma 6, we consider the following variant of the RPP mechanism, where the posted prices are
allowed to be randomized.

Rationed Randomized Posted Price Mechanism (RRPP). Before the auction starts, the seller first draws
a posted price p;; from some distribution G;;, for every buyer 7 and item j. All G;;s are independent. The
buyers then arrive in some arbitrary order, and each buyer ¢ can purchase at most one item among the available
ones at the realized posted price p;; for every item j.

Clearly any RRPP mechanism is also DSIC and IR. We notice that any RRPP mechanism can be viewed
as a distribution of RPP mechanisms, as the seller can draw all the posted prices before the auction starts, and
use the realized (and deterministic) set of posted prices to sell the items. Thus the highest revenue achievable
among all RRPP mechanisms is the same as the optimum revenue among all RPP mechanisms, which is
PREV.

Before giving the proof of Lemma 6, we first prove a useful lemma that analyzes the revenue of RRPP.
It’s a generalization of Lemma 17 of [CZ17], which allows randomized posted prices.

2'f all D;;s are continuous, then for every i there exists 7; that satisfies the following property:
2 jetm) Prtij~Dy;.i~8,; [Vij (ti;) > max(Bij, Q5 + x)] < 1 and the inequality is achieved as equality for all 7; > 0. However,
this property might not be satisfied for discrete distributions. This is again a tie-breaking issue addressed in Remark 1. We refer the
readers to Lemma 5 of [CZ17] for a fix. For simplicity, in our proof we will assume that all 7;s satisfy the property mentioned above.
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Lemma 7. [CZI7] For every i, j, let G;; be any distribution over R. All G;;’s are independent from each
other. Suppose both of the following inequalities hold, for some constant a,b € (0,1):

1. Zie[n} PrtijNDijyxijNgij [Vl(tm) > xij] <aVje€ [m]

2. Zje[m} Prtz‘jNDij,xijNgij [V;(t”) > xij] <bVie [n]

Then
1
. (t) > || < . .
ig[;] jez[;z] :cijINEQz‘j g tijEr i [Vl(tw) o 332]] “(1-a)(1-0) PREV

Proof. Consider an RRPP that sells item j to buyer ¢ at price 2;; ~ G;;. The mechanism visits the buyers in
some arbitrary order. For every i, j and every realized x;;, we will bound the probability of buyer  purchasing
item j, over the randomness of { Dy }ircin) jrefm) ad {Girj } (i j1)(i,5)- Notice that when it is buyer 4’s turn,
she purchases exactly item j and pays x;; if all of the followmg three conditions hold: (i) 7 is still available,
(i) Vi(tij) > w45 and (iii) Yk # 7, Vi(tir) < 2. The second condition means buyer ¢ can afford item j. The
third condition means she cannot afford any other item k& # j. Therefore, buyer 7 purchases exactly item j.

Now let us compute the probability that all three conditions hold, when ¢;; ~ D;; and z;; ~ G;; for all
1, 7. Since every buyer’s valuation is subadditive over the items, item j is purchased by someone else only if
there exists a buyer k # i who has V},(tx;) > x;. By the union bound, the event described above happens
with probability at most » ;. ; Pry, . 4, [Vie(tk;) > @k;], which is less than a by Inequality 1 of the statement.
Therefore, condition (i) holds with probability at least 1 — a. Clearly, condition (ii) holds with probability
Pry,, [Vl(tw) > 3:2]] Finally, condition (iii) holds with at least probability 1 — b, because the probability
that there exists any item k # j such that V;(¢;z) > ;i is no more than Zk# Pre, o [Viltic) > ] < b
(Inequality 2 of the statement). Since the three conditions are independent, buyer ¢ purchases exactly item j
with probability at least (1 — a)(1 — b) - Pry,; [Vi(ti;) > 2;]. So the expected revenue of this mechanism is

atleast (1 —a)(1 — b) - Eq;;~G,, [wij - Pry;p,; [V,(t,j) = x”H =

A direct corollary of Lemma 7 is that ) , 7; can be bounded using PREV.
Lemma8. >, . 7 < 8- PREV.
Proof. By Constraint (6) of the LP in Figure 3 (or Figure 4), for every item j,

> Pr [Vij(tij) 2 max(Bij, Qj +7)] < Z B [Vis(tiz) = Bis)

tij~Dij ij
ZG[TL] BZJNBL] ZG[TL] BL]NBZJ

_Z Z )‘U (Bij) Pr [Vij(ti;) > Biz] <

i€[n] Bij€Vij

N =

By the definition of 7;, for every ¢ we have

1
| tivNDil»:jginiv[VU(tij) 2 max(Bij, Qj + 7] < 5.
]E[m] J J J J
Thus by Lemma 7,
4-PREV> E  |max(8i;, Q; + 1) Pr [Vi(ti;) = max(8i;, Q; + 7i)]
i€(n) gefm) 79~ b

>> ) L”ND [Vij(ti;) = max(Bij, Qj + 7))

i€[n] j€[m] B”

== Tis
i€[n]
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The last equality comes from the fact that by the definition of 7;, > i Pre oDy pi~Bi [Vij(tij) > max(B;, Q;+
)] = % for all 7 such that 7; > 0 (see Footnote 21). We finish the proof. O

Lemma 9. [(Restatement of Lemma 6)] For every j € [m], Q; > Qj. Moreover,

Z Q; < Z Q; +236.5 - PREV

J€[m] JEIm]

Proof. For every j, it’s clear that Qj < @; by the definition of Qj. It remains to bound Ej(Qj — Q]) In
the proof, we abuse the notation and let ;\ij(ﬁij) = Eéz—jeA ;\ij (Bij, 6i5). Also for every i, j, i, Bij € Vij, let

Aij(tijs Bi) = 36, e Nij(tigs Bigs 0ij)-

2 Z <Qj - Qj)
< ZZ Z fij(ti;)Vij (tiz) Z Nij(tij, Bij, 0i5) - L[Vij(tij) < Bij + 0ij]

i ti5:Vi ()2 Q5+ Bij €EVij
0;;EA
< ZZ Z fij (i) Z <5ZJ (Vi (ti5) — 5ij)+) “ Nij(tig, Bigs 0ig) - 1[Vig(tiz) < Bij + g
o Vit )2 Q54T 55” EG\XJ
i
< ZZ Z fl] ZJ Z 5@) ij tzyyﬁzy)
' i tl] Vlj(tlj)>Qj+7'z BZJEVZJ
T Z > > Fig(tig) > (Vigtig) = Big) ™ Nig(tig, Big 6i) - 1[Vig (ti) < Bij + 6451
o Vit )2 Q54T B(SUEE\X]
ij

Here the first inequality uses the fact that \;;(t;;, B, 0i5) - 1[Vij(ti;) < Bij + 04;] and
)‘ij(t’ija /Bij7 52])]]-[‘/2](t2j) S mln{ﬂw + 52’]’7 Qj + TZ}] can differ only when V;'j(tij) > Qj + Ts N ‘/;j(tij) S
Bij + d;. In the last inequality, we drop the indicator 1[V;;(t;;) < Bi; + d;;] for the first term.
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We bound the first term:

ZZ Z fl] ZJ Z BZJ i 2]752])

T 15 Vig(ti;) 2 Q5+ Bij €EVij
:Z > By > Figtig) - Mgt i)+ D> By > fij(ti5) - Mg (tig, Bij)
bi o Bi€Vi; tigVij (tig) > Qi+ i BijEVij tiy:Vij (ti)> Qi+
Bij <Qj+Ti Bij 2Qi+Ti
<> By > fig(tiz) - Mg (tig, Bij)
5J  Bij€Vij ti;:Vij (ti)>Qj+;
Bij<Qj+Ti
+2. D B ) fij(tiz) - (A,-j(tij, Big) + X (tis, B ))
LI Bi €V tij:Vij (ti;) 2 Q5+
Bij=>Qj+Ti
< Z Z )\’LJ(IBZ]) . Bij Z fij(tij) + Z Z 2 i (52]) BZJ tEE[W](tU) > Bzg]
1,5 BijEVij tij:Vij(tij)ZQj-kn %] ﬁijeV?j 24 v
Big<Qytri Bij=Qj+Ti

+Y D 20(8y) - By ey [Vij(ti) = Bij]
Y] &jevit
Bij=Qj+Ti

<S030 Ni(By) - By > Fiti)+> 1 D2 2X5(8y5) - By ey [Vij(tij) = Bis] + &r
bJ o Bij€Vis tij:Vij(ti)2Q +Ti %,J Bij€Vij
Bij<Qj+mi Bij >Qi+Ti
Szzﬁ;j Aij(Big) - Biy -, Pr [Vig(tig) 2 max(Bi, Q5 + 7)) + & - Dz
1,) PijE€Vij i,j

:22 E Bij - Pr [Vij(ti;) > max(Bi;,Q; + 1)) | +é&r- Z |VZO
i Pii~Bij tij~Dij w
<8-PREV +¢&.-» [V}
Z"j
<9.-PREV

4)
The first inequality comes from the fact that for 3;; € VZOJ, then 3;; < 5;5- and from the fact that for
sufficiently small e, > 0, then Q; + 7 < B iff Q; + 73 < B;; . The second inequality comes from
Constraint (4) and (7) of the LP in Figure 3 (or Figure 4).”> For the second last inequality, notice that by

Constraint (6) of the LP in Figure 3 (or Figure 4), for every item 7,

Z PrD [Vz](tzg) > max(ﬁ”,Qj +m)]] < Z . NDZ zg(tz’j) > /82]]

— tij~Di;
i ijNBij Bij~Bij
. 1
=> > Nij (Big) PriVij(tis) 2 Bigl < 5
i Bij€Vij N

By the definition of 7;, for every buyer 7 we have

Z Pr [sz(tzj) > max(fi;, Qj + 7i)]] <

; tij~Dij,Bij~Bij

N =

“Note that this is the only place that Constraint (7) is used in our proof.
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The second last inequality then follows from Lemma 7. The last inequality follows from the fact that

g, < <LREV_ For the second term, we have
S, DO

ZZ Z fij (i) Z (Vij(tis) — Bij) ™ - Xij(tig, Bij» 0i5) - L[V (tiz) < Bij + 0ij]
o t5:Vi(65) 2 Q5+ Bij €Vij
51']‘EA'

<ZZ Z )‘Z] (Bij» 0ij) wa i) (Vij (tiz) = Bij) - 1[Vi5(tiz) < Bij + 045 A Vij(ti;) = max(Bij, Q5 + )]

i BL]EVZJ
Sij€A;

>

where

wij(tiz, Bij: 6ij) = (Vij(tij) — Big) - 1[Vig(tiz) < Big + dij A Vig(tij) > max(Bij, Qj + 7i)]

We notice that by the definition of 7;, the following inequality holds for every buyer .

Zfij(tij)uij(tij,5ij,5z‘j) ,

tij

(Bij L]) ij

&)

N —

Pr Uii(tis, , >0< Vii(ti:) > max(Bi;,Q; + )] <
; tij~Dij,(Bij,0i5)~Cij [ Z]( K 5” Z] ZtlJNDlJ76L]NBZJ|: Z]( Z]) (5ZJ QJ Z)H

Denote C; = x7,Ci; and B; = (Bij) je[m)> 0 = (0i5)je[m)» We have

Z .E ‘ Zfz i) maXUzg(tzyyﬂwy 2])

> E ZZJCZ] 2] uzy 2]752]7 zy H Pl“ uzk tik, Bik, zk)—o]

(Bi,0:)~C; tig~D

:ZZ I wa i)+ wij (tij, Bigs 6if) - H Pr [wik (tiks Bik, Oir) = 0]
t; ik~Dik,(Bik,0ik)

(Bzyv ’Lj) k;ﬁ]t Ncik

1
252

E D fisltighuj (tig, Big, 6is)
ig (Bij,0i5)~Cij )

tij

Here the equality uses the fact that all C;;’s are independent. The last inequality comes from Inequality (5)
and the union bound. Now the second term is bounded by

2'2 E Zfz z maxuu( ’lj?BZj? z])

5 (Bi,6:)~Cs

<2Z

Definition 17. For every i,j,t; € T;, S C [m], let

qu ma { (Vi (1) = B) - 1Vig(ty) < By + 5]

(617 i)

n(tiS) = E i[max{< Viglti) = Big) " m<tw><6w+6w]}}

(B:,0:)~C; | JES
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Therefore, we can rewrite 2-3 7, (g, 5,)~c, [Ztl fi(ti) - maxepm) {(V,-j(tij) — Bij) T - L[Vi(tij) < Bij + 52-]-]}}
as Y >y filti) - n(ti, [m]).

Definition 18. A function v(-,-) is a-Lipschitz if for any type t,t’ € T, and set X, Y C [m],

).

[o(t, X) —o(t, V)| < a- (IXAY|+[{j € XY 1 t; £ 1))

where XAY = (X \ Y) U (Y \ X ) is the symmetric difference between X and'Y .

Lemma 10. For every i, 0;(-,-) is subadditive over independent items and d;-Lipschitz. Note that d; is the
variable in the LP in Figure 3.

Proof. For every i, j, t;, Bij, 05, denote hij(tij, Bij, 0i5) = (Vij(tiz) — Bij) ™ - L[Vij(tiz) < Bij + dij)-
We will first verify that for each t; € T;, n;(¢;, -) is monotone, subadditive and has no externalities.
Monotonicity: Let S; C Sy C [m]. Then:

i(ti, 1) = hij(tij, Bij» 0ij) § | < hij(tij, Bij» 6ij) 5 | = mi(ti,
ni(ti, S1) (BMI@E-)NCZ- [%%}f{ i (tig, Bij J)}:| (BMI@E-)NCZ- [Ijlé%é({ i (tij, Bij j)}:| 1i(ti, S2)

Subadditivity: For any set S1, S2, S35 C [m] such that S; U Sy = S, it holds that:

i (L, S3) = hij(tij, Bijs 0ij
%)= B [t o)

< (Bi,gj’\’ci [gré:?l{ {hij(tij, Bij. 0i5) } + ?é%}; {hij(tij, Bij: 0i) } }
= ni(ti, S1) + mi(ti, S2)

The first inequality follows because S7 U S = Ss.
No externalities: for every S C [m] and ¢;,t; € 7T; such that ¢;; = t;j for every j € S, we have

(t. Q) = At B SV = At B Sis — n.(t.
1i(ti, S) (Bi7c%~ci {I}leagi {hw (tij» Bigs 52])}] (Bi,g:)NCZ- {I}leagﬁ {hu (tij» 51];%)}} mi(ti; S)

Now we are going to prove that 7;(-,-) is d;-Lipschitz. For ¢;,t; € T; and X,Y C [m], let Z = {j €
X NY Aty =t;;}. Itis enough to show that:

nits, X) —ni(t5, YV) < (IX\ Y[+ (X Y| |Z])) - di = (|X] - |Z]) - ds
it Y) —mi(ti, X) < (WA X[+ (IX Y| = 12]) - di = (Y| = |Z]) - d;

We are only going to show 7;(t;, X)—n;(t,,Y) < (|X| — |Z|) - d;, since the other case is similar. Because
n;(t;, -) is monotone, it suffices to prove that:

ni(tiaX) - ni(t;ﬁy) < ni(tivX) - ni(t;7Z) < (‘X’ - ‘Z‘) ~d;
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For each j € Z, t;; = t};, which implies that ;(t}, Z) = 1;(t;, Z). Note that:

ni(ts, X) — ni(t;, Z)
=n;i(ti, X) —ni(ts, 2)
= (m,g)wi [I}“g {hij(tij, Bij» 0i) } — max {hij(tiz, Bij, 0i5) } |

< ( m,g)“i [I?eag {hij(tij, Bij: 0ij) } + jg{:\z hij(tij, Bij, 0ij) — e {hij(tij, Bij, 0i5) } |

E Z hij(tij, Bij, 0iz)

(Bi,0:)~Cs jex\z

= > E  [hij(tij, Bij, 0ij)]

jex\z (Bij0i5)~Cij
< Z E [6i5]
jex\z (Big%i3)~Cij
<(1X|=120)d;

Here the second last inequality follows by Constraint (8) of the LP in Figure 3 (or Figure 4). O

Lemma 11. [CZ17] Let g(t,-) with t ~ D =[], D; be a function drawn from a distribution that is subaddi-
tive over independent items of ground set 1. If (-, -) is c-Lipschitz, then if we let a be the median of the value

of the grand bundle g(t, I), i.e. a = inf {3: >0:Prfg(t,I) <z] > %}

Eylg(t, I)] < 2a + %

To finish the proof of Lemma 9, we will bound > _; >, fi(t:) - ni(t;, [m]) using a modified two-part tariff
mechanism. Consider the following variant of two-part tariff M, with a randomized posted price 3;; ~ B;;
for buyer ¢ and item j, and restricting the buyer to purchase at most one item. The procedure of the mechanism
is shown in Mechanism 2 3.

Mechanism 2 The Rationed Two-part Tariff with Randomized Posted Price M

0: Before the mechanism starts, the seller determines a distribution of posted price B;; for every buyer ¢
and item j. Recall that 3;; is the marginal distribution of (3;;.

1: Bidders arrive sequentially in the lexicographical order.

2: When every buyer ¢ arrives, the seller shows her the set of available items S;(t<;, f<;) C [m] (see the
remark below), as well as the distribution of the posted prices {Bi;} je[m]-

3: Buyer ¢ is asked to pay an entry fee defined as follows:

&i(Si(t<i, B<i)) = MEDIANy, ~p,{n:(t:, Si(t<i, B<i))}
Here MEDIAN, [h(z)] denotes the median of a non-negative function h(z) on random variable z, i.e.
MEDIAN, [h(z)] = inf{a > 0 : Pry[h(z) < a] > 3}.

4: If buyer ¢ (with type t;) agrees to pay the entry fee, then the seller will sample a realized posted price
Bij ~ Bi; for every available item j € S;(t<;, 5<;). The buyer is restricted to purchase at most one
item. The buyer then either chooses her favorite item j* = argmax;ecg,;_, 3., (V,-j(tij) — ﬁij), and
pays 3;;+, or leaves with nothing if V;(;;) < 55, Vj € Si(t<s, B<i). If the buyer refuses to pay the entry
fee, she gets nothing and pays 0.

2The result holds for any buyers’ order, we choose the lexicographical order to keep the notation light.
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Remark 3. We notice that in Mechanism 2, the set of available items when each buyer i comes to the auction,
depends on both t; and the realized prices for the first i — 1 buyers (denoted by B;). Let S;(t<;, f<;) be the
random set of available items when buyer i comes to the auction. Let S1(t<1,5<1) = [m)].

It’s not hard to see that M stated in Mechanism 2 is BIC and IR: When every buyer sees the set of
available items and the distribution of posted prices, she can calculate her expected surplus of this set, over
the randomness of the posted prices. Then she will accept the entry fee if and only if the expected surplus is
at least the entry fee.

In Mechanism 2, by union bound, for every item j,

Prj € Si(tei, B<i)] = 1= Pr [Vij(ty) = Byl =

(Due to Constraint (6))
et tij~D;j,Bij~Bij;

N =

We notice that for every realization of t;, S, after seeing the remaining item set S;(t<;, B<;), buyer ¢’s
expected surplus if she enters the mechanism is:

E

(Bi,0:)~C;i | 7€Si(t<isB<i)

max {(Vij(tij) - 5ij)+}] > n;i(ti, Si(t<i, B<i))-
Thus the buyer will accepts the entry fee with probability at least 1/2. Hence

% t<,I,EB<L[£i( i(t<i, <i))] 2 % Z(% ti7t<1?5<i[ni(ti’ Si(t<i,B<i))] — Zdi)
L 5! 501 ©)
= Z(zgﬁj[m(tu ()] = 7di) = 5 Zlg[m(ti, [m])] — 5 - PREV

i

REV(M) >

Here the second inequality is obtained by applying Lemma 11 to function 7;(¢;,-) and ground set I =
Si(t<;, B<;) for every t;, f<;. The last inequality comes from constraint (9) of the LP in Figure 3. The third
inequality comes from the following:

Fix any t;, 8;, 0;. Let j* = arg max ;) (Vij (tij) — Bij) T - 1[Vij(tij) < Bij + dij]. Then

ztz 7, : ztz <Z 5@
k%@Lw$%@{<“” Bia) " LVij(t) < By + 31

2t<iI,EB<i ]Hel% {( zj(tw) Bz]) . [ zj(tzj) < 5@3 + 5@3]} [] €S; (t<l,ﬁ<l)]]
= mevs { (Vi (1) = Bi) ™ WVig(t3) < By + 01} -, P [7° € St )

1
Zijﬂelﬁ;}l(}{( i ( ) BZ]) ’ [ ZJ(tZJ)<ﬁ2j +52]]}

Taking expectation over t; and (/3;, 0;) ~ C; on both sides, we have

E [t Siltes, B<i))] = 5 (e o),

tit<i,B<i

which is exactly the third inequality of (6). By combining Inequalities (4) and (6), we have

22 —Q;) <89-PREV + 16 - REV(M)
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Finally, since in M, each buyer is restricted to purchase at most one item, it can be treated as a BIC and
IR mechanism in the unit-demand setting. By [CHMS10b, KW12, CDW16], REV(M) < 24 - PREV. We
complete our proof for Lemma 9.

O

C.6 Analyzing the Revenue of Mpr and the Proof of Theorem 6

In this section, we will show that jem] ()j can be bounded using the revenue of the two-part tariff Mrpr
defined in Mechanism 1. To analyze the revenue of Mtpr, we require the following definition.

Definition 19. For any buyer i and type t;, let Ci(t;) = {j € [m] | Vi;(tij) < Q; + 73} Forany t; € T; and
set S C [m], let

itia ztw
pi(ti, S) = max vi(ti, SN Cy(t J;QJ

Lemma 12. For every i, if vi(+,-) is subadditive over independent itmes, then p;(-,-) is subadditive over
independent items and T;-Lipschitz.

Proof. First we are going to show that 1;(¢, ) is monotone. Note that for sets S C S5 the following holds:

11i(ti, S1) = fax (v vilti, ' NCit) = Y Q;
jes’
< !
< max | v vi(ti, 8" N Ci(t ZQ]
jeSs’
=i (t;, S2)

Now we are going to show that p;(¢, -) is subadditive. Let S, S2, S5 C [m] such that S; U Sy = S3 and
S1NSy =S.. Let S, = 51\ S, and Sy = Sy, then for any ¢; € T; we have the following:

pilti» S3) = max | vilti, SN Cilta)) = D, Q;
jes’
= i\liy \Pa ! i(Li i (ti,
< max vi(ti, (SaNS") N Ci(t:)) + vilts, (S, S") N ZQJ

jes’

:,S’H’Ig,s}i Ui(tia (Sa N S/) N Cz(tz)) — Z Qj + ’Ui(ti, (Sb N S/) N Cz(tz)) — Z Qj

jESLNS! JESENS’
! /
< max | v vilti, 8" N Cilt:) — ) Q; + max | v vilti, §' N Cilts) — > Q;
jeSs’ jes’

=i (ti, Sa) + pi(ts, Sp)
<pi(ti, S1) + pi(ti, S2)

The first inequality follows because v;(t;,-) is a subadditive function and S, U S, = S3. The second
inequality follows because max is subadditive. The final inequality follows from the fact that S, = So,
S1 2 S, and that y;(¢;, -) is monotone.
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We now prove that /4;(-, -) has no externalities. Fix any S C [m] and ¢;,t; € T; such that t;; = t; for all
J € S. We notice that by the definition of C;, S’ N C;(t;) = S' N C;(t}) for all S" C S. Since v;(-, ) has no
externalities, v;(t;, ' N C;(t;)) = vi(t,, S’ N C;i(t})) for every S C S. Thus y;(t;, S) = pi(t}, S).

Now we are going to show that 4, (-, -) is 7;-Lipschitz. Let ¢;,t, € T;and X,Y C [m]and ¢ = |[{j € [m] :
% we need to show that:

i (ti, X) — pa(ti, Y)| < e 7

Let Z = {j : j € XNYandt; = t,}. Since j;(t;,-) is monotone, in order to show that (-, -) is
T;-Lipschitz, it is enough to show that

ij

/Li(th) - lul(t;vy) < lui(th) - lu’i(t;? Z) <c-Ty
ity YY) = pa(ts, X) < pa(t3,Y) — pi(ti, Z2) < -7

We are only going to prove that y;(¢;, X) — pi(t;, Z) < c- 7; since the other case is similar. Because for each
J € Z,t,; = tij, then p;(t}, Z) = pu;(t;, Z). We have

. . — /
m(tz,X)—glggg vilti, S' N Ci(t:)) = > Q5
jes’
<max [ D (w(tn YN Cit) - @) + | wlt, (ZnSHNCit) - Y Q)
= jes\z JjEZNS!
Smax | 30 (Vilty) Q) V(i) < Qs 47l + (vt (Z0S)NCilt) — 3 @
jES’\Z jezZns’
:g}g)zg (t,,S,ﬂC ZQ] + Z g) [zg(z;)<Q3 + 74
jes’ JjEX\Z
' .
glsl}zg)z( vi(t;, 8" N Cy(t ;{Q] (X = 1Z])7:
J

§,ui(ti, Z) +c- Ti
The first inequality follows because v;(t;, -) is subadditive. The second inequality follows because v;(¢;, {j} N
Ci(ti)) = Q; < (Vij(tij) — Q)T L[Vij(ti;) < Qj + 7il. O
Lemma 13. For every type profile t € T, let SOLD(t) be the set of items sold in mechanism Mrpr. Then

Z 125 tuS 75<z > ZF;Y[] ¢ SOLD(t)] : (QQj - Q])
i€[n] J
> i O — .
> Z Pr[j ¢ SOLD(t)] - Q; — 473 - PREV
J
Proof. By the definition of polytope W;, for every buyer i and t; € 7;, there exists an vector of non-negative
numbers {JEZ) (ti)}Sg[m],kE[K}’ such that 3 g, JZ.(? (t;) < 1and

7TZJ( flj 2] Zfz -7 2 j Z Z Zjvtl—j (7)

ti— S:jES ke[K]

2 A stands for the symmetric difference between two sets.
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wij(ti) - Vij(tig) < fij(tiy) - Z fi—i(ti—j) Z Zagg)(tij,ti,—j) (k)(tw) 3

ti,—€Ti,—; S:j€S k
We have

Zui (ti, Si(t<i))

>3 | DD Y o) i (1 Siti) 0 S)

— ti,t—q
i

> E Zazs Zﬂ j € Sites)] - ( W ty) - 1Vis(tig) < Qs+ 7] —Qy’)+

— ti,t—q
(]

_ZE Z Prj € Si(t<;)] Z ZO’ ( i-)(tij)']l[vij(tij) < Qj+ i —Qj)+

S:jes k

>ZZPrJ ¢ SOLD()]-E | Y Z%s ' ( zy)(tij) 1[Vi5(tiy) < Q4+ 1] — Qj>+

ti S:jesS k
>Zpr [j ¢ SOLD(1) ZZfZ D> Yol (ol k) ﬂ[Vij(tij)SQy"FTi]_Qj)
S:jes k
—ZPI‘J ¢ SOLD(t Zme (tig) D Fimiltig) - D 3 ol () - () (t) - L[V (1) < Qj + 7] — Q)
ity ti,—j S:jes k
>ZPr]¢SOLD O wi(ti) Vi (i) - ll[Vij(tij)SQjJrn]—ler[jéZSOLD(t)]~Qj
ity J

The first inequality is because 4i;(¢;,.S) is monotone in set S for any 4,¢; and > ¢ . O'i(g) (t;) < 1. For any

fixed i, ¢; and set S, if we let S’ be the set of items that are in SN.S;(t~;) and satisfy that O‘Z(f) (i) 1[Vij (tis) <
Qj + 7] — Q; > 0. Clearly §" C C;(t;). Then

pi (ti, Si(t<i) N S) = vi(ti, 8) = > @Q;

jES’

Wik SRCOEDMEDY ( i Qj)

jes' jes’ jes'
= 3 (ol ) - 1Vis (1) < Q4+ 7] - Qj) (8" € Cift:)
jes’

This inequality is exactly the second inequality above. The third inequality is because Pr;_,[j € S;(t<;)] >
Pr.[j ¢ SOLD(¢)] for all j and 4, as the LHS is the probability that the item is not sold after the seller has
visited the first + — 1 buyers and the RHS is the probability that the item remains unsold till the end of the
mechanism Mpr. The last inequality follows from Inequality (8) and Constraint (2) of the LP in Figure 3
(or in Figure 4):

SN Ei) D fiiti) - Y S o) =30 mslty)

i tij ti,—j S:jes k 1 tij

Notice that by Definition 6 and Constraint (3) of the LP in Figure 3 (or in Figure 4), for every 1, j, t;;,
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D Nij(tig, Bijy 6i3) = wij(tig)/ fig (ti5)
Bij0i5

Thus we have

ZPT] ¢ SOLD Zzwzy 2] 2] tlj) ﬂ[‘/ij(tij) < Qj + Ti] - ZF;Y[J ¢ SOLD(t)] ’ Qj
J
—ZPI‘ ¢ SOLD(t) Zwa i)V (tg) - LVij(ti) < Q5+ 7] Y Nij(tiy. Big, 6ig)

Bij:0ij
- _Frlj ¢ SOLD() -Qj
J

> Pr[j ¢ SOLD(t)] - (2Q; — Q;) (Definition 16)

J
= Prlj ¢ SOLD(t)] - Q; — ZPr [j ¢ SOLD(1)] - 2(Q; - Q;)

J
>ZPrg¢SOLD Qj — 22 Q;) (Lemma9, Q; — Q; > 0 forall j)

J

> Z Pr[j ¢ SOLD(t)] - Q; — 473 - PREV  (Lemma 9)
J

Now we give the proof of Theorem 6. Note that this is also the proof of Theorem 3.
Proof of Theorem 6:

For every i,t.;, we apply Lemma 11 to function p;(t;,-) and ground set .S;(t;). By Definition 19, we
have 5

Elpi(ti, Si(t<i))] < 2- MEDIAN, (i(ti, Si(t<i))) + 5 - 7i )

We now bound the revenue of Mypr. For every i € [n], t; € T; and S C [m], let pu}(¢;,S) =
maxg/cs(vi(ti, S') — > e Q) Which is at least as large as y1;(f;,.5). Then the surplus of buyer  with true
type #;, for the set S;(t<;) is p}(f;, Si(t<;)). By Mechanism 1, the entry fee &;(S;(t<;), ;) = pi(t}, Si(t<:))
for every sampled type t;. Thus for every t;, we have

|

b [M;(fiasi(t<i)) > &i(Si(t<i),t;) = MEDIAN, (Mi(tivsi(tq’)))] 2

In other words, for every ¢;, with probability at least 1/8, the buyer accepts the entry fee, and the entry
fee is at least MEDIANy, (14 (t;, S;(t<;))). Thus the revenue of Mrpr from the entry fee is at least

L Z E [MEDIANy, (ki (ti, Si(t<i)))]

t<z
1
2_6 th, b [pi(ti, Si(t<i))] — 32 ZT’ (Inequality (9))
1 193
2_6 Z r[j ¢ SOLD(t)] - Q; — 6 -PREV ~ (Lemma 13 and Lemma 8)

J
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We notice that for Mrpr, the revenue from the posted prices are - ; Pr[j € SOLD(¢)] - Q;. Thus

1 , 493
REV (Mpr) >—ZPr [j ¢ SOLD(t)] - Q; — A PREV—i—ZPrj € SOLD(t)] - Q;
> Z Q; — . PREV
]Gm

Thus

2-) Q; < 986 PREV + 32 - REV(Mrpr)
j

We then show that Mrpr can be computed in polynomial time: By Definition 6, the posted price (); can
be computed in time poly(n,m, >, ;| 7ij|), given the feasible solution of the LP in Figure 3 (or in Figure 4).
Given the set of available items S;(t;), for every sampled type ¢/, calculating the entry fee requires a single
query from the demand oracle. For every buyer ¢ with reported type ¢;, the mechanism requires a single query
from the demand oracle to obtain her favorite bundle among the set of available items, under prices {Q; } je[m);
and to determine whether the buyer will accept the entry fee.

Lastly, by Lemma 2, we can compute an RPP Mpp with the desired running time and query complexity,
such that Mpp > 6_—175 (1-— PREV. We finish our proof. O

nm)

D Multiplicative Approximation of Down-Monotone and Boxable Polytopes

In this section, we provide a proof of Theorem 2 and prove Theorem 1 for constrained-additive valuations
using Theorem 2. We restate the theorem here.

Theorem 7. (Restatement of Theorem 1 for constrained-additive valuations) Let T' = 3, . |T;;| and b be
the bit complexity of the problem instance (Definition 3). For constrained-additive buyers, for any 6 > 0,
there exists an algorithm that computes a rationed posted price mechanism or a two-part tariff mechanism,
such that the revenue of the mechanism is at least c - OPT for some absolute constant ¢ > 0 with probability

—0— % Our algorithm assumes query access to a value oracle and a demand oracle of buyers’ valuations,
and has running time poly(n, m, T, b,log(1/9)).

For Theorem 2, we indeed prove a result for a natural family of polytopes. Throughout this section, we
assume that the polytope we consider is down-monotone. Formally, a polytope P C [0, 1]¢ is down-monotone
if and only if for every € P and 0 < o’ < x, we have ' € P. To state our result, we need the following
definitions.

Definition 20. For any two sets A, B C R? we denote by A + B the Minkowski addition of set A and set B
where:
A+B={a+b:a€ Aandb € B}

Note that if both A and B are convex, then A + B is also convex.
Definition 21. Let P be a convex polytope, we define a - P := {ax : ¢ € P} for any a > 0.

Definition 22. Let ¢ be a finite integer. For any set of convex sets {Pi}ie[f] and a distribution D = {Qi}iem
the set P = ZZE[Z q;P; is called the mixture of {Pi}z‘e[é} over distribution D.

Definition 23. Let P, Q C [0, 1]¢ be down-monotone polytopes. For each coordinate j € [d), we define the
width of P at coordinate j as l;(P) = maxgep ;. For any € > 0, we define the (¢, Q)-truncated polytope
of P (denoted as P(&9)) in the following way: & € P72 if and only if there exists ©’ € P such that
z; = a} - 1[1;(Q) > €],Vj € [d]. We notice that since P is down-monotone, P C P. Moreover,
Pir(e:9Q) is convex if P is convex. We also use P'"€) to denote P (EP).
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Definition 24. Let P C [0,1]%. For any € > 0, define the e-box polytope P**©) of P as follows: P**() =
{z C[0,1]¢: z; < min (,1;(P)),Vj € [d]}. Clearly, Pbor(e) is convex.

Theorem 8 is the main theorem of this section. We prove that if P is a mixture of a set of down-monotone,
convex polytopes {P; };|¢, and P contains the polytope c - Pbox(€) for some ¢ < 1, then there exists another
down-monotone, convex polytope P sandwiched between ¢/6 - P and P. And more importantly, we have
an efficient separation oracle for P, whose running time is independent of ¢, as long as we can efficiently
optimize any linear objective for every P;. The key feature of our separation oracle for P is that its running
time does not depend on /, as in our applications, £ is usually exponential in the input size.

Theorem 8. Let { be a positive integer, and P C [0,1]? be a mixture of {Pi}iciq over distribution D =
{4i}icjy, where for each i € [{], P; C [0, 1]¢ is a convex and down-monotone polytope. Suppose for every
i € [0, there exists an oracle Q;(-), whose output Q;(a) € argmax{a - x : © € P;} for any input a € R%
Given {1;(P)};e(q, suppose c - Pboz(e) C P for some ¢ > 0 and ¢ € (0,1]. Let b be an upper bound on the
bit complexity of Q;(a) for all i € [f] and a € R, as well as on the bit complexity of 1;(P) for all j € [d).

Let the parameter k > Q | d* <b + log (%) > ) . We can construct a convex and down-monotone polytope P

using N = {Sek—;q samples from D such that with probability at least 1 — 2de 2% the following guarantees

hold:
1. & PCPCP.

2. There exists a separation oracle SO for 73 whose running time on input with bit complexity V', is
poly (b, b, k., d, %) and requires poly (b, b, k. d, %) queries to oracles in {Qi}ie[Z] with inputs of bit

complexity at most poly (b, b, k. d, %)

The complete proof of Theorem 8 is postponed to Appendix D.1. Here we give a sketch of the proof. We
first prove that if the polytope P contains c times the e-box polytope, then the convex set %(77”(5) 4 Phoz(e))

is sandwiched between 5P and P (Lemma 14 in Appendix D.1). Next, we construct the polytope P that is

close to §(P() 4 Pbor(E)). For e > 0 and every i € [(], let P "&P) be the (e, P)-truncated polytope of P;.

,P;tr(s,P

It is clear that P*"(%) is a mixture of { )}z‘e[e} over distribution D. We construct our polytope P using

P, the mixture of {Pfr(a’m}iem over an empirical distribution D of D. Cai et al. [CDW12b, CDW13a]

proved that with polynomially many samples from D, Ptr(©) and P are close within an additive error &
in the /,-norm (Theorem 9 in Appendix D.1). By choosing P = %(73"(5) + Por(€)), we show that Pisa
multiplicative approximation to P.

To apply Theorem 8 to the single-bidder marginal reduced form polytope W;, we first show that W;
is a mixture of a set of polytopes {W; , }+,e7; over D;, where each W; ;, contains “all feasible single-bidder
marginal reduced forms” for a specific type ¢; (Definition 25 in Appendix D.2). For every t;, we can maximize
any linear objective over W ;, via a query to the demand oracle. Finally, we prove that W; contains (c times)
the e-box polytope of itself, for some ¢ € (0,1) and £ > 0.

D.1 Proof of Theorem 8

In this section we give a proof of Theorem 8. We first prove the following observation about the Minkowski
addition of down-monotone polytopes.

Observation 1. Letr P C [0, 1]d be any down-monotone polytope. Then for every 0 < a < b, a-P Cb-P.
Let Py, Py C [0,1]¢ both be down-monotone polytopes. Then for every 0 < a} < aj and 0 < b} < by,
ai Py + biPa C a1 Py + byPa.
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Proof. For the first half of the statement, for every & € a - P, % € P. Since P is down-monotone, % e P.
Thusz € b-P. Asa) - P Cay-Pandb)-P C by - P, the second half of the statement follows from the
definition of the Minkowski addition. O

We use the following result from an unpublished manuscript by Cai et al. [CWD21]. A special case of the
result appeared as Theorem 4 in [CDW12c¢] (conference version by the same authors). In particular, the result
we use here is stated for a mixture of polytopes, while Theorem 4 in [CDW12c] is only for the polytope of all
feasible reduced forms, but the proof is essentially the same. Interested readers are welcome to email the first
author for a proof of Theorem 9.

Theorem 9 ((CWD21]). Let ¢ be a positive integer. Let P be a mixture of {Pi}ie[g] over distribution D =
{4i}ien, where P; C R is a convex polytope for every i € [{]. Assume for all i, the bit complexity of each

corner of ‘P; is at most b. For any € > 0 and integer k > () <d4 <b + log (%))) let D' be the empirical

distribution induced by [%d} samples from D. Let P be the mixture of {P;};c|q over distribution D'. With
probability at least 1 — 2de 2% we have that

1. Forall x € P, there exists an ' € P’ such that || — «'|| < €.

2. Forall ' € P!, there exists an x € P such that ||z — &'||o < e.
To prove Theorem 8, we need the following lemmas.

Lemma 14. Let P C [0, 1]d be a convex and down-monotone polytope. If c - phoz(e) C p for some € > 0 and
c € (0,1, then P C SPir(E) 4 cpbosle) C P,

Proof. First we prove that 5P C %73”’(5) + %Pbox(e ). Note that it is enough to prove that P C P! (€) 4-pboz(e),
For any & € P, we consider the vectors =/, =" € [0, 1] such that

x’ = x; - 1[l;(P) > €],Vj € [d]

L[l;
xf = x; - 1[l;(P) < e],Vj € [d]

Note that & = «’ + =”. By the definition of P (%), &’ € P! (). For &”, we notice that for every j € [d],
zi = x; - 1[[;(P) < ¢] < [;(P)-1[l;(P) < e]. By the definition of phorE) | g ¢ Pbor(E) Thus
r=xa +a'¢c Ptr(a) + rpbox(a).

For the other direction, note that P¥"(¥) C P by Definition 23 and ¢ - P**() C P by assumption, so
cpboz(e)  eptre) C lp+ip="7P. O

Lemma 15. Let ¢ be a positive integer and P C [0,1]? be a mixture of {Pi}icqy over distribution D =
{4i}icje, where for each i € [(], P; C [0, 1]¢ is a convex and down-monotone polytope. Then P is a

mixture of {Ptr &) } over D, where for each i € [{], Pfr(a’P) C P, is the (e, P)-truncated polytope of P;
(Definition 23).

Proof. To prove our statement, we first show that for each Z € P, there exist {fc\(i) € Pfr(a’m},-e[g]
such that & = 3,y ¢:2®. By definition of P*"(®), there exists € P such that for each j € [d], T; =
x; - 1[1;(P) > €.

Since € P and P is a mixture of {P;};cq over D, there exist {x) ¢ Pi}ticiq such that © =
> iel] gix™. For each i € [¢], consider Z¥) be defined such that for all j € [d]:

2 = 2V1[;(P) > ¢

Clearly, () € PtT(E’P) andx = ),

1€l
tr(e,P) } over D must also lie in P*"(¢), which concludes the proof. O

}qiﬁc\(i). Similarly, we can argue that any point Z that lies in the

mixture of {P,
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Lemma 16. Let { be a positive integer, and P C [0,1] be a mixture of {Pi}c|q over distribution D =
{4i}icje), where P; is a convex and down-monotone polytope in [0, 1)¢ for every i. Then P is a convex and
down-monotone polytope.

Proof. For every x € P, there exists a set of vectors {m(i)}iem such that (9 € P;, Vi, and = = Zz’e[e] q; -
x(?). Now consider any @ such that 0 < & < . For each i € [(], let ¥ € [0,1]¢ be the vector such
that :fcg-l) = acg-l) - &j/x;,Vj € [d]. Clearly, 0 < ﬂ?g-l) < xg-l) for all j € [d]. Since P; is down-monotone,

J

we have #()) € P;. Note that for every j € [d], >, q; - 2l = (e qimg-i)) -&j/x; = x;. Thus

To prove Theorem 8, we will also need the celebrated result of the equivalence between optimization and
separation.

Theorem 10 ([KP80, GLS81]). Let P C R? be a convex polytope and suppose we have access to an algorithm
A(a) : R* — P, that takes input vector a € R?, outputs a vector =* € P with bit complexity at most b,
such that x* € argmax{a - x : * € P}. Then we can construct a separation oracle SO for P, where on any
input a € R? with bit complexity at most V/, SO makes at most poly(d,b,V') queries to A, and the input of
each query has bit complexity no more than poly(d,b,b"). Moreover, the running time of SO on a is at most
poly(d,b,b', RT o(poly(d,b,V"))). Here RT 4(c) is the running time of A with input whose bit complexity is
at most c.

Proof of Theorem 8:
Consider the polytopes P"(¢) and P**(), By Lemma 15, P"(®) is a mixture of {Pfr(a’m}iem over
distribution D. Let D be the empirical distribution induced by N = (i’“—gﬂ samples from D. Let Ptr(©) be the

mixture of {Pf reP) }iE[Z] over D. By Theorem 9, we have that with probability at least 1 — 2de2% both of
the two following conditions hold:

1. For each p € P'"(%), there exists a p € P"() such that llp — Dlloo < e.
2. For each p € P there exists a p € Ptr(€) such that [Ip = Dlloo < e.

For the rest of the proof, we condition on the event that both conditions hold. We consider the polytope
P = 3 (73”(5) + Pbom(e)). First we are going to prove that P C P. By condition 1, we have that for any
P € Ptr(e) | there exists a p'" € P such that ||p"" — p¥"||o < e. Consider the vector p*" defined such
that for each j € [d],

133»" = min (]’)?T, pé»") .
Since for each j € [d], j)’g-" < py and P"(¢) is down-monotone (Lemma 16), we have p" € P(€). Let vector
P be such that for every j € [d],

ﬁ?om — ﬁtjr - ﬁzr — Z/)\tjr . min(z’)\tjr,pz»r).

Notice that for every x € Pfr(e’m, z; = 0 for all j such that [;(P) < e. Since P"(*) and PrE) are both

mixtures of {Pl-tr(e’P) }ieje» we have for every = € PtrE) and 7 € Pre), xj = z; = 0 for all j such that
l;(P) < €. Therefore, we have ﬁ?ox <e-1[l;(P) > €] < min(e,l;(P)), forevery j € [d]. The first inequality
follows from the fact that ||p"" — p*||o < ¢, and that if I;(P) < ¢, then " = p%" = 0. Thus phor € phoz(e),
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For every p'" € Ptr(e) | we have found pir € Pt and pbor e Pbor(e) such that pi" = pi" + pPo%. Thus

zl/jtr(e) - zptr(e) + rpbox(e)
:>7’5tr(e) + ero:c(a) C rPtr(a) + Qrpbox(a) C

QIOJ

s ,P’\ ¢ rPAtr(e) Pbox(e) cCPp

The second line follows from the assumption that ¢P*%(€) C P and P C P (by Definition 23 and
the fact that P is down-monotone), and ¢ < 1. Similarly, by switching the role of Ptr(e) and P with
condition 2, we also have Ptr(€) C Ptr(e) 4 pboz(e) Thys

rptr(a) + rpbox(e) C r]/)\tr(a) + 2rpbox(e)
=P C Ptr(e) + Pbox(e) c2 (r]’)\tr(e) + Pbom(s)) _ 97’5
C
Is ~
P C
= GP cP

The second line follows from P C Ptr(e) 4 pboz(e) (Lemma 14), the origin 0 € 73”(5), and the definition of
P. Thus £P C P C P.

To construct a separation oracle for P, it is sufficient to optimize any linear objective over P. For every
a € RY, we are going to solve the maximization problem max{a -z : x € 73}

Let {i1,...,in} be the N samples from D, where i, € [¢] for k € [IN]. We notice that

o Z tr(s 7) prom(g)
3
ke[N

is the Minkowski addition of a set of polytopes. Thus in order to maximize over P, it’s sufficient to maximize
over each polytope. In other words, it is sufficient to solve max{a - & : & € P**©)} and max{a - x :

T € 77::(8’73)} for each k € [N]. First consider P**(¢). Since the polytope is a “box” where the constraint

for each coordinate j is separate: x; < min(e,l;(P)). Thus the optimum x?® € P*() satisfies that
:E?—OJ" = min(/;(P),e) - 1[a; > 0]. Thus the optimum 2" can be computed in time O(d - (b +log 1/ + V')
and its bit complexity is at most O(d - (b + log 1/¢)), where b’ is the bit complexity of a.

tr(e,P)

Now we show how to solve max{a -z : x € P, } using a single query to Q;, (-), for every k € [N].

Consider the vector a’ € R? such that ay = aj - 1[l;(P) > €], Vj € [d]. Then clearly

tr(e,P)

max{a-z:xc P, "'} =max{a'-x:z P}

Let 2(%) be the output from oracle Q;, (a’), then £(*) ¢ argmax{a’ -« : & € P; }. Consider the element
x(*) € [0,1]% such that for each j € [d], = ) — zlin) 1[1;(P) > €]. Then (*) € argmax{a’ - = : x €

Ty J
77; r(eP) } and its bit complexity is at most the bit complexity of Z(%) | which is at most b, by our assumption

on Q;().

Thus we have c ‘ c R
Z 3—N-m(2k)+§-mb°”” € argmax{a - x : ¢ € P}
ke[N]
To sum up, we provide an algorithm to optimize any linear objective over P. Moreover, the output of our
optimization algorithm always has bit complexity poly(b, k, d, 1/¢). For any a € R? with bit complexity b,
our optimization algorithm runs in time poly(b, ¥, k,d,1/¢) and make N = {%dw queries to the oracles in

{Qi}ie[é}- Using Theorem 10, we can construct a separation oracle for P that satisfies the properties in the
statement of Theorem 8.
(]

38



D.2 Approximating Single-Bidder Marginal Reduced Form Polytope for Constrained-Additive
Buyers

In this section, we prove Theorem 2 using Theorem 8. The goal is to show that the single-bidder marginal
reduced form polytope W; satisfies the requirements of Theorem 8. Recall that for every buyer ¢, the support of
her type is 7; and the support of her value for each item j is 7;;. Additionally, WW; is a subset of [0, 1]216[7”1 ITis |,
and there is a coordinate for every j € [m] and every t;; € 7;;. To ease the notation, we will use ¢;;’s to index
the coordinates throughout this section. Since each buyer is constrained-additive, we denote JF; the feasibility
constraint of buyer 7, and drop the subscript if the buyer is fixed or clear from context.

Lemma 17. For eachi € [n],j € [m] and t;j € Ty, ly,;(W;) = fij(tij). Recall that ly,;(W;) is the width of
W; at coordinate t;; (Definition 23).

Proof. For every i € [n] and every w; € W, by Definition 5, there exists a number og(¢;) € [0, 1] for every
t; € T;, S € F; such that

1. ZSG}'US( i) < LVt €T,

2. wij(ti) = fij(tij) - Zti’,j fi—j(ti—j) - Zseflgesaé‘( i), forall j € [m] and t;; € Ti;.

Thus for every j,t;;, by combining both properties above, we have
Wij(tij) < fij(tig) - > Fimitig) - 1= fig(tiy).
ti,—j
Moreover, for every j, t;;, choosing & such that: »

{1 if ¢ =t; AS = {j}

0 0.W.

induces an element w; € W; such that w;;(t;;) = fi;(ti;). Thus Iy, (W;) = fij(ti).
|

Definition 25. For any buyer i and type t; € T;, consider Wy, C [0, 1]21’6[’”] I7:51 defined as follows: w; € Wy,
if and only if there exists a collection of non-negative numbers {og}scr, such that

2. wij(t;j) = ZSE]‘},]’ES 05 ﬂ[t;j = tijLVj € [ ]’ ij € T
The following observation directly follows from Definition 5 and Definition 25.

Observation 2. W, is mixture of {W4, }+,e; over distribution D;. Recall that D; is the distribution for buyer
i’s type t;.

Lemma 18. For every i and t; € T;, Wy, is a convex and down-monotone polytope. Moreover, given access
to a demand oracle DEM;(t;, -) for buyer i, we can calculate an element

w; € argmax,,, cy, @ - Wi,
forany a € R2Ziepm) |71
most 3 jem) | Tijl-

35 is simply the allocation that gives buyer i item j when her value for item j is t;; and does not give her anything otherwise.

with a single query to the demand oracle. Moreover, the bit complexity of w; is at
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Proof. Forevery feasible set S € F;, consider allocation \(5) = {1[S” = S]}gic,. Thesetof o = {05} se7,
that satisfy property 1 of Definition 25 is equivalent to the set of all convex combinations of the A\(%)’s and the
origin 0. More specifically, 0 = } gc . 05 A (1 - > ser, 0s) - 0. Hence, the set of o’s is a convex
polytope P in [0, 1]7%l. Since W, is a projection of P to [0, 1]ZJEW 17351, W, is also a convex polytope.
Next, we prove Wy, is down-monotone. Consider any w; € Wy,. By Definition 25, w;; (t;j) = 0 for all
Ji t ; such that t j # ti;. To prove that W}, is down-monotone, it suffices to prove that for every jo € [m], any
vector w;, achieved by only decreasing the coordinate ¢;;, from wy, is still in W;,. Formally, w; satisfies

* Wijo (tijy) < wijo(tio)-
o wi;(tij) = wij(tiz), if j # Jo.
o w;;(t;;) = 0, for any j € [m], if t}; # t;;.

{Eijo (tijo )

wigg (tijg

Let {os}secr, be the vector of numbers associated with w; in Definition 25. Let o = < 1.

Consider another vector {os }sec, where for every S € F;,

a5+ (1—a)-(osugoy +05), Jog SASU{jo} € Fi
o5 =qa-0s, Jo€S

oS, 0.W.

We notice that the above definition is well-defined because S € F; as long as S U {jo} € F;. Also
> ose 7 0s < 1. Intuitively, o = {os}ser, represents a randomized allocation of sets S € F; to the bidder.
Then {0s}ser, represents another randomized allocation: choose a set .S according to the the randomized
allocation o, if S contains jg, then throw away jo with probability 1 — «.

Now we hEVe ZSGJ—},joeS 53 = QZSG}—Z_JOGS o5 = wijo(tijo) and Zséfi,jés &S = w,j(t,j), for all
J # jo. Thus w; € Wy, and Wy, is down-monotone.
|7i;1

It remains to show that we can find an element in argmax,, cy, @ - w; for any a € RZelm] , given
7

access to a demand oracle. W.lo.g. we assume that for each j € [m] and ¢;; € Tjj, a;;(ti;) < % - ti; (by

scaling and the fact that ¢;; > 0). Observe that any corner w; of the polytope W, corresponds to the choice

of {05} ser, such that og = 1[S = T' for some particular T' € F;, i.e. wij(t;;) = 1[j € T N t; = ty5].
Since w; € argmax,,, ey, @ - W is a corner of W;,. We have

MaXoy,cW,, @ - Wi

:maXZa-' tii
SEF; “ ZJ( U)
jES

Here ™ = max{x, 0}. The second equality holds because F; is downward-closed. Notice that a;;(t;;)" <
%tij. Thus with a single query to the demand oracle, with type ¢; and prices p;; = t;; — a;;(t;;)* > 0,V7], we
can find argmax,,, cyy, @ - w;. The bit complexity of w; is at most } -, eml | Tij]- O

Lemma19. Let T =Y. | Tl Foranye < %, (1 — )W/ c w,

jE[m]|
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Proof. For any w; € (1 —eT )Wibom(e), we prove that w; € W.
Consider the following set of numbers {og(¢;)}+, s (see Definition 5): For each j € [m],t;; € T;j, let

Cj(tij) = min (m, 1) and

wij(tif)

Pl = e ) S, Foi ) T e )

Note that for every j' € [m], there exists a value t;;; € T;;s such that f;;/(t;;) > 1/|T;;s|. Due to our
choice of ¢, the corresponding c;/(t;;) < 1. Hence, Eti,,j fi—j(ti—5) - 11jrz;(1 = cr(tij)) > 0, and p;(t;5)
is well-defined.

For every t;, define

os(t;) = {gj(tij) “cj(tig) - Tz (1= cje(tiyr), i)fj‘: {j} for some j € [m]

For every j and ¢;;, let Cj(t;;) be the independent Bernoulli random variable that is 1 with probability
cj(tij). Then for every j,

€
Cj(tij)tij~Di; [ 5(t) ] tigze;fij o) <fij(tij) > 7
By the union bound,
S fimiltiog) - TT( = ¢jeltiy)) = . P (Cpltiy) = 0,vj" # J]
bi—j 3'#3 Vj;?!jyck(iijjf)
=1- Pr [Cj’(tij’) = 1,E|j/ 75 j]
tiY,jNDi,,j
Vj'#5:Cr(t;;1)
>1-— P i(ti;) =1
= Z tingij [C(t35) ]
73 Cy(t)
>1—¢e-T

Now we show that w; € W; by verifying both properties in Definition 5. For the first property, since
w; € (1 — €T)Wibox(€), 0 < wij(tij) < (1 — & T) . min{s,ltij (Wl)} = (1 — & T) . fij(tij) . Cj(tij)~ The
equality is due to the definition of ¢;(¢;;) and Lemma 17. Thus p;(t;;) < 1 for every j and ¢;;. We have
that 3 g o5(ti) = > jepm Pi(tig) - ¢j(tig) - Ty (1 = cjr(tijr)) < D jeqmy €3 (i) - T1si (1 — ¢y (ty)) <
[Licpmy (ci(tiy) + (1 = ¢j(tiy)) = 1.

The second property:

Fii(tig) - Y fimi(tig) - > os(tisti—s)
ti,—j S:jes
= fij(tig) Y fimi(tig) - pi(tig) - e(tig) - T] (1= ejr(tiyr)) = wis(ty)
ti,—j J'#5
Thus by Definition 5, w; € W;.
O

Proof of Theorem 2:

We simply verify that W, satisfies all assumptions in Theorem 8. Recall that T = ZZ j |7i;] and b is an
upper bound of the bit complexity of all f;;(¢;;)’s and all ¢;;’s. We have the following:
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1. By Observation 2, we have that T; is a mixture of {W, }+,c7; over distribution D;.

2. By Lemma 18, for each ¢; € T;, Wy, is a convex and down-monotone polytope. Given access to the
demand oracle DEM;(¢;, ), we can find an element in arg max{a-w; : w; € Wy, } in time poly(V',b,T')
and a single query to DEM;(¢;, ), where ¥’ is the bit complexity of the input a. Note that each output
of the demand oracle has bit complexity at most 7.

3. By Lemma 17, l;,,(W;) = fi;(ti;).for all j and ¢;;. Thus, each [;,,(W;) has bit complexity at most b.

)

1
4. By Lemma 19, (1 — 5T)I/Vl-b°x(€) C W; for any € < % Choosing € = % obtains %Wibom(2T C W,.

For any § € (0,1), we apply Theorem 8 with parameter k& = poly(n,m,T,b,log(1/4)), ¢ = % and

€= % The probability that the algorithm successfully constructs a polytope that satisfies both properties of
Theorem 8 is at least 1 — 5. We have % -W; € W; C W; by the first property of Theorem 8 with ¢ = % Since

. . . box(55) .
the vertex-complexity of W;, for each ¢; is no more than 7', and the vertex-complexity for W, o=(ar) 1S NnO

more than poly(b, T'), the vertex-complexity for WZ is no more than poly(n, m, T, b,log(1/)). The running
time of the algorithm and the separation oracle SO for W; follows from the second property of Theorem 8.
(]

At last, we give the proof of Theorem 7 by combining Theorem 3 and Theorem 2.
Proof of Theorem 7: Fix any § € (0,1). Recall that in the LP of Figure 3, we use an estimation of PREV,

which is PREV, according to Lemma 2. Denote &; the event that an RPP mechanism is successfully computed
and &, the event that the algorithm in Theorem 2 successfully constructs a convex polytope /WZ that satisfies
both properties in the statement of Theorem 2 for each buyer i € [n]. Note that & happens with probability
at least 1 — % and we take enough samples to make sure that £ happens with probability at least 1 — 9, by
the union bound, the probability that both £&; and & happen is at least 1 — § — % From now on, we will
condition on both events £ and &,.

Now in the LP of Figure 3, we replace W; by W, for every ¢ (we will call it the modified LP). By
property 1 and 2 of Theorem 2, we can solve the modified LP using the separation oracle for W, in time
poly(b,n,m,T,log(1/5)) (recall that T" =}, ; |T;;|) according to Theorem 5. Let z* = (w*, A", A*,d*) be
an optimal solution of the modified LP. Then w; € /I/I?Z for every 7 according to Constraint (1) in the modified
LP. By property 1 of Theorem 2, we have W, C W;. Thus w; € W;,Vi and hence x* is also a feasible
solution of the original LP in Figure 3.

Recall that OPTpp is the optimum objective of the original LP. Denote OPT] p the optimum objective
of the modified LP. Thus in order to prove that (w*, \*, 5\*, d*) is an approximately-optimal solution in the
original LP, it suffices to show that OPT{p > ¢ - OPTpp. Take any feasible solution (w, A, S\,d) of the
original LP. We have that w; € W; for every i. Now consider another set of variables (w’, X', 5\, d) such that
’ng(tij) =c- wij(tij) and )\;-j(tij, ﬁij, 5ZJ) =cC- /\ij(tija Bz‘ja 5ij)a for all 4, 7, tij, 5@', 5ija where ¢ = 1/12.
We verify that (w', N, ;\, d) is a feasible solution for the modified LP. For Constraint (1), since ¢ - W; C /WZ
(property 1 of Theorem 2), we have that w] € Wi, for all 7. For Constraint (3), it holds since we multiply
both X\ and w by c. Constraint (2), (4) and (7) hold, as for each of them their LHS is smaller while the RHS
remains unchanged. Every other constraint holds since both of their LHS and RHS remain the same. Thus
(w', X, )\, d) is a feasible solution for the modified LP.

Now notice that the objective of the solution (w’, N, 5\, d) is exactly ¢ times the objective of the solution
(w, A\, \,d). By choosing (w, X, A, d) to be the optimal solution of the original LP, we have that OPT} , >
¢-OPTyp. It implies that the objective of (w*, \*, 5\*, d*) is at least ¢-OPTyp. Thus if we compute the simple
mechanisms using the decision variables (w*, \*, 5\*, d*). By Theorem 2, we have

Ccl REV(MPP) +co - REV(MTPT) > OPTiP >c- OPTLP >c-OPT
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We finish our proof by noticing that the simple mechanisms can be computed in time poly(n, m,T') given the
solution (w*, \*; \*,d*). O

E Accessing Single-Bidder Marginal Reduced Form Polytopes for XOS Val-
uations

Our goal in this section is to prove Theorem 1 for XOS valuations.

Theorem 11. (Restatement of Theorem 1 for XOS valuations) Let T =3, . |T;;| and b be the bit complexity
of the problem instance (Definition 3). For XOS buyers, for any § > 0, there exists an algorithim that computes
a rationed posted price mechanism or a two-part tariff mechanism, such that the revenue of the mechanism
is at least ¢ - OPT for some absolute constant ¢ > 0 with probability 1 — § — % Our algorithm assumes
query access to a value oracle and an adjustable demand oracle (see Section 2) of buyers’ valuations, and
has running time poly(n,m,T,b,log(1/4)).

We remind the readers the definition of the single-bidder marginal reduced form polytope W; for XOS
valuations:

Definition 26 (Restatement of Definition 14). For every i € [n], the single-bidder marginal reduced form
polytope W; C [0,1)> 21Tl is defined as follows. Let w; = (i (tij))j s,e7s; and wi = (wig(tig))ji;€7;
Then (m;, w;) € W if and only if there exist a number J(Sk) (t;) € [0,1] for every t; € T;, S C [m|,k € [K],
such that

1 Yot (t) <LVt €T

k
2. mij(tig) =fij(tig) - 20, fimi(ti—j) - 2sijes 2onelx] o) (tij,ti,—j), for all i, j, t;; € Tij.
)
3. wij(ti) <fij(tig) - 220, fimi(ti—j) - Xgijes Zke[fq O tigti ) - Vjij forall i, j,t;; € Tij.

If Vi;(ti;) = O, we slightly abuse notation and treat = (( as 0 for all k.

The following observation follows directly from Definition 14.
Observation 3. For any (ﬂ'i, wi) e W;and any j € [’I’)’L], tij € Tis Wij (tij) < Tij (tij) < fij (tij)-

Proof. The first inequality follows directly from the fact that a(k) (tij) < V”( ij) = Mmaxy a(]?/)(tij). The
second inequality follows from  g..co > ek agk)( tijoti—j) < Dok Us ( ijrti—j) < 1. O

In Appendix C.3, we provide an LP (Figure 4) that helps us to compute the simple mechanisms efficiently.
In Theorem 6, we have proved that given any optimal solution to the LP in Figure 4, we can compute a
simple mechanism in polynomial time, whose revenue is a constant factor of the optimal revenue. However,
constraint (1) is implicit and thus it’s unclear if we can solve the LP in polynomial time. Similar to the idea in
Appendix D, we fix this issue by constructing another polytope W;. Unfortunately, for XOS valuations, W;
is not a down-monotone polytope anymore. To see this, we simply notice that by Observation 3, wj;(t;;) <
mi;(ti;) for every coordinate (j,t;;). Thus given any (m;, w;) € W; where w;;(t;;) > 0 for some j, ¢;;, the
vector (0, w; ) is clearly not in ;. Thus the argument in Appendix D does not apply here.
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E.1 Basic Properties of the Single-Bidder Marginal Reduced Form for XOS Valuations

In this section we present some basic definitions and properties of the single-bidder Marginal Reduced Form
polytope W; (Definition 14). We fixed any buyer ¢ throughout this section unless otherwise specified.

Definition 27. For any € > 0, we denote as Witr(e) C [0, 1]2 2jetm T3l the o truncated polytope of W;. An
element (0;, w;) € Witr(e) if there exists (m;,w;) € W such that for all j € [m] and t;; € Tyj:

tr(e) .

Similar to Section D, we show that T, is a mixture (Definition 22) of a set of polytopes {Wti_r(a) et

defined in Definition 28 over D.
Definition 28. For any i,t; € T, and ¢ > 0, we define the polytopes Wy, , Wg(e) C [o, 1]229’6[’”] 73l as

follows: An element <3: = {:L'(t;j)} - RTES {y(t;])} o > € Wy, if there exists a collection of non-
t/ E T / J

negative numbers {agk)}gg ke[ Such that 3 g, ZkE[K ag) < 1, and for any j,t;; € Tij,

)=y D og Aty =ty

S:jES ke[K]

1]) ZJ) /
Z Z ' (ti;) At = i)
S:jeS ke[K) Vij (tij
N N tr(e) . .
Moreover, an element < { (tgj)}t/ o RTES {y(t;J)}t/ e%) € Wtir(a) if there exists (x,y) € Wy,

such that for any j,t U,

The following observation directly follows from Definition 14 and Definition 28.

Observation 4. W; is a mixture of {Wy, }1,e7; over distribution D;. For any £ > 0, Witr(e)

{Wtir(e)}tieﬁ over distribution D;.

is a mixture of

The following observation is useful in later proofs.
Observation 5. Foranye > 0anda' > a > 0,a-W; Ca’' - W;and a - Witr(a) Ca - Witr(a).

Proof. Let c = -7 < 1. For the first statement, it suffices to prove that (cmy, cw;) € Wy, for all (7, w;) € W.
Let {aék) (ti) }+,.5,% be the collection of numbers that satisfy all properties of Definition 14. Then since ¢ < 1,
by considering the collection of numbers {c - agk) (ti) }t,.5,k>» we immediately have that (cm;, cw;) € Wi.
For the second statement, let (7], w}) be the vector achieved by zeroing out all coordinates (j,;;) where
fij(ti;) < e for the vector (;,w;). By the definition of Witr(e), we immediately have (7}, w}) € Witr(e) and

(eml, cw)) € Wﬁ(e) O

We next present several desirable properties of the polytopes we consider here.
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Lemma 20. For any t; € T;, any subset of items B C [m], and any (x,y) € Wy, consider any (Z,7) €
[0, 1]2Zje[ml 73l such that for each j € [m)] and ti; € Tij,

i’(tij) :ﬂf(tij)]lij € B] and @(tij) < ?J(tij)]lij € BJ.
Then (z,y) € Wy,. Moreover, if (x,y) € th;(e), then (&,7) is also in thf(e). Finally, th;(e) C Wy,
Proof. Tt suffices to prove the case where (t;;) = y(t{;)1[j € BJ,Vj,t};, since by Definition 28, we can

decrease any 7 (t;;) while maintaining the vector (Z,y) to be in W;,.

Since (z,y) € Wy, let {O’S }sciml,ke[k] be the collection of numbers from Definition 28. Each a(k)
can be viewed as the probability of the buyer receiving bundle S, and enabling the k-th additive function

Consider another collection of numbers {G(Sk)} SClm],ke[k] Dy simply discarding items in [m]\B. Formally,
= D TCim)\B JgaT,VS C B,k € [K], and Gék) = 0 otherwise. Notice that for every j € B and

k€[K], Y s es aék) > _5ijes aé ) 1t is not hard to verify that (&, y) and {O‘S }s i, satisfy all inequalities
in Definition 28. Thus (z,9) € W4,.

Now th:(e) C W, follows from choosing B to be {j : f;;(tij) > €}. Forany (z,y) € ) and any
choice set B C [m], (2,9) € Wy,. Since 2(t;) = 2(t};) - 1[fi;(t;;) > el and §(t;;) = 9(t};) - ifw(tw) > el
By Definition 28, (Z,7) also lies in Wﬁ(e) O

Lemma 21. Given any € > 0 and any distribution 5 over T;. Let W;T(e) be a mixture of {th_T (5)} - over
¢ ;€75

D;, that is, VV:T(€ = Y er Pr p,ls = ti] - Wﬁ(e) For each j € [m], let S; C T;j be any set. For any

(5, w;) € WZ- " and any (7;,w;) € [0, 1]2ZJ6 751 such that for each j € [m] and tj; € Tij,
%ij(ti’j) = Wij(tij)ﬂitij €5;] and ww(t )< ww(t )1 itij € 5j].
then (7;,@;) € W'®.
Proof. 1t suffices to prove the case where w;;(t;;) = wi;(t;;)1[t;; € S;j], Vs, t};. This is because WZT(‘E) is
a mixture of {th;(a)}tieﬁ. By Definition 28, for every ¢; and any vector (x,y) € th:(a), we can decrease
any y(t;;) while maintaining the vector (z,y) to be in Wg(e). Thus, for any (7;, w;) € W;T(e), it remains in
/I/IV/Z.”(E) after decreasing any w;; (t;;).
, - (t:)  (t:) tr(e) Do) — e — 1 () ()

Foreacht; € T;, let (7, "/, w, € W, such that (m;, w;) = Ztieﬂ- Pr 5 [s=t] (m " w;").

Consider vector (%gti),ﬁ)\gti)) such that for every j € [m] and t;; € Tj;

AU (t) = mi ()t € S5 and @l (8;) = wii () L[t € Sj).

For each t; € T;, define set B(t;) := {j : t;; € S;}, by applying Lemma 20 to <7T2(ti)’ wgti)) and set
B(t;), we have that <%(ti) ot )) c Wtr(e)

We notice that by Definition 28, w(t )(t/ ) = Fg;i)(t;j) = 0if t;; # t;;. Thus, for every j € [m] and
ti; € Tij»
A(t) =m0t € S5 and @l (t) = wil (#,)1[t; € Sj].

iJ ) v

The proof concludes by noticing that (7;, @;) = >, o Pr, 5 [s = ti] - (%\(ti)7 ﬁ)\l(ti)) € vaZT(a). O

(2
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The following corollary follows from Observation 4 and Lemma 20.
Corollary 1. For any e > 0, W”(e) C W

Proof. This follows easily from the claim that thir(e) C Wy, (Lemma 20). O

Similar to the constrained-additive case, we define the e-box polytope of W; for XOS valuations in Defi-
nition 29.

Deﬁnltlon 29. For € > 0, we denote as Wbox(a) C [o, 1]22J€[m] 753l the e-box polytope of W;: (7, w;) €
Wbow if and only if for every j € [m] and t;; € T;j it holds that

0 < wij(tij) < mij(tij) < min(e, fi;(ti;))
The following lemma is similar to Lemma 19.

Lemma22. Let T =Y, Y (1—e-TYW ™ C W, forall e < V.

ij >

Proof. For any (m;, w;) € Wibox(a), we will prove that (m;, m;) € W;. Then (m;, w;) € W; since w;;(ti;) <
mi;(ti;) for any j, t;;.
To prove (m;, m;) € W;, we consider the following set of numbers {U(Sk) (ti) }+;.5,% (see Definition 14): For

each j € [m],t;; € Tij, let ¢j(t;;) = min (%, 1) and

mij(tis)

fig i) - 32, fimi(ti—g) - €5 (tij) - TLjrsy (L = cjr(tir))

Note that for every j' € [m], there exists a t;;» € T;;» such that f;;/(t;;) > 1/|T;;|. Due to our choice
of ¢, the corresponding c;/(t;;:) < 1. Hence, Zti,,j fi—j(ti—5) - Tljrz;(1 = cr(tir)) > 0, and pj(ti;) is
well-defined.

For every t;, define 2

pj(tiy) =

o1y = 1Pilt) - ei(t) Ty = cir(ty)), IS = {5} and b = argmaxy ol (t)
’ 0, 0.W.

For every j, let C(t;;) be the independent Bernoulli random variable that activates with probability
¢;(tij). Then for every j,

Pr Cj(tij) —1 fij(ti;) - min 1| <e-|T;i
Cj(tij)vtijNDij[ ’ Z i(t) <fw(w) > 7

t’Lj 67;]

By the union bound,

S fimiltio) [[Q=citip)) = Pr [Cp(ty) =0Y5 # 4] > 1= Pr[C(ty;) =1] > 1-e-T

- o ti,—j~Di—; -
b 77 Vi'#35,C;r (1) J

Now we prove that (7;, 7;) € W, by verifying all three conditions in Definition 14. For the first condition,
. b
since (7, w;) € (1 —eT)W; o) o < wij(ti;) < mij(ti;) < (L—e-T)- fij(tij) - ¢j(ti;). Thus p;(t;;) <1
. k
for every j,t;;. We have that Zs,k Ué‘ )( t;) = ijj( ij) - ¢j(tij) - Hj’;éj(l = ¢j(tiy)) < E cj(tij) -

*When there are two indices k, k' € [K] such that k, k* € arg max,, oz( )(t”) we break ties in lexicographic order.
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oy Cjt e notice that 5 Ci t; g:(1 — ¢y (t;5)) 1s exactly the probability that there
iz (1= cjr Y h i (tig) - Tl (1 = cjo(tign) i ly the probability that th

exists a unique C]( ij) = 1. Thus > g, agk)( t;) < 1lforallt; € T;.
The second condition:

fij(tiz) - Z fi—j(ti—5) - Z Z ng)(tij,ti,—j)

ti,—j S:jeS k€K
=fij(ti) > Fimg(tig) - pi(tis) - i (tig) - [T (1= cjeltizn)) = mij (k)
ti,—j J'#J
The third condition:
ot (ti5)
fzy tzy Zfz tz ] Z Z Us tljytl ]) m
Li,—j S:jES ke[K] I\

max (k) t;
=ig(tig) > Fig(tig) - pi(tig) - ci(tig) - [T (1= ejr(tizn)) - —a‘ﬁ?t )( ) _ mij (L)
ti,—j §'4£j g \l1g

By Definition 14, (7;, m;) € W;. Thus, (m;, w;) € W. O

Similar to Lemma 14, we prove in the following lemma that W; can be approximated by the polytope

%Witr(e) + %Wfox(a) within a multiplicative factor.

Lemma23. LetT =} ;00 2 |Ti;| and any 0 < e < 7, then

JE€m]

1—¢eT tr(e ) — €T boz(e)
5 Wz_§WT 5 VVZ-MEQWZ-.
Proof. LetW' = %W;T(E) + %Wibom(e). Then W' C W, directly follows from Corollary 1 and Lemma 22.

We are going to show that for each (m;, w;) € 1_28 . w;, (m;,w;) € W'. We consider the following vector

(ﬂfr,w ") such that for every j € [m],t ij € Tijs
g (tzy) = 7sz( 2]) [fz]( 2]) > g, ngr'(tij) = wij(tij)ﬂ[fij(tij) 2 €]

Then by Definition 27 and Observation 5, (7", w!") € %Witr(a) C %Witr(a). Consider the vector
(mbor wb®) such that

Z
bow(tw) 72]( ) [flj( 2]) <, bow(tzy) wzy( ) [fu( 2]) <]
For every j € [m],t;; € T, since (m;, w;) € # - W;, by Observation 3 we have w;;(t;;) < mj(tij) <
L5 fij(tig). Thus whor (t;) < mhov(tiy) < 5L - fi(tiy) - W[ fij(tiy) < €] < 55T - min( fij(£55), €.
Thus (mhor wbor) %Wibox( ). Now observe that (mi,w;) = (7l + wboz wlr + wbom) € %Witr(a) +
1— eTW?Jox( )
2 7

, which concludes the proof. O

E.2 Approximating the Single-Bidder Marginal Reduced Form Polytope

In this section we provide the important step that allows us to prove Theorem 11. In the constrained-additive
case (Theorem 2), we construct (with high probability) another polytope W; such that /@ c-W; CW,; C W,
for some absolute constant ¢ > 0, and (ii) we have an efficient separation oracle for W;. The proof heavily
relies on the fact that W; is down-monotone and thus cannot be easily extended to the single-bidder marginal
reduced form polytope W; in the XOS case. Here we prove a similar statement with a weaker version of
property (i): For every vector x in W, there exists another vector z’ in W; such that for every coordinate 7,
xj/ x; € [a,b] for some absolute constant 0 < a < b, and vice versa. It’s not hard to see that the original
property (i) directly implies this weaker version. A formal statement is shown in Theorem 12.
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Theorem 12. Let T = Zie[n

For any i € [n] and § > 0, there is an algorithm that constructs a convex polytope /WZ € [0, 1]2'21’6[’“
using poly(n, m,T,log(1/0)) samples from D;, such that with probability at least 1 — § all of the following
are satisfied:

] > eml |Tij| and b be the bit complexity of the problem instance (Definition 3).
11751

1. For each (;,w;) € /I/T?Z there exists a (m;, w;) € W; such that for all j € [m] and t;; € Tij;:
mij(ti;)

i) o [L 3] wiulty) |15

2. For each (m;,w;) € W;, there exists a (7;, w;) € /WZ such that for all j € [m] and t;; € T;:

—, = e —, —
g (tij) 16" 8 Wij (tij) 16" 16
3. The vertex-complexity (Definition 10) of/Wi is poly(n,m, T, b,1og(1/9)).

4. There exists a separation oracle SO for W, given access to the value oracle and an adjustable demand
oracle (Definition 2) of buyer i’s valuation. The running time of SO on any input with bit complexity t/
is poly(n,m, T, b,V log(1/8)) and makes poly(n, m,T,b,b' 1og(1/5)) queries to both oracles.

The algorithm constructs the polytope and the separation orcle SO in time poly(n,m, T, b,log(1/6)).

E.2.1 Efficiently Optimizing over the Polytope

Both Corollary 2 and Lemma 24 are useful to show that there exists an efficient separation oracle for our
constructed polytope.
In Lemma 24, we show that given access to the adjustable demand oracle and the value oracle, we can

optimize any linear objective over the polytope Wti_r(a) (Definition 28).

Lemma 24. Let T = Zie[n] > jelm] |Tij|, and b be the bit complexity of the instance. For any t; € T; and
any € > 0, given access to the adjustable demand oracle ADEM;(-,-,-) and the value oracle for buyer i’s
valuation v;(-, -), there exists an algorithm that takes arbitrary x,y € R 173l gs input and finds

(77, w;) € argmax ()T - T+ Y - w;.

(7r7; ,wi)Eth

The algorithm runs in time poly(n,m,T,b, V', 1/¢) and makes O(m) queries to both oracles, where V' is the
bit complexity of (z,y). Moreover the bit complexity of (7}, w}) is at most O(bT").

Proof. We are going to solve the problem:

max x-m;+Y-w;

s.t. (m,wi) S th:(e)

By Definition 28, m;;(t};) = wi;(t;;) = 0if tj; # t;; or fi;(ti;) < e. Let Q = {j € [m] : fi;(ti;) > e}
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Then according to Definition 28, the problem is equivalent to

(01) max Y (w;(tis) - mij(tis) + y;(tis) - wis(t35))

j€Q
s.t. Z Z U(Sk)
SC[m] ke[K]
mi;(t Z Z a Vj € [m]
SijES ke[K]
TG )
0 < wijtiy) < Y Z Vj € [m]
S:j€S ke[K]
s >0 VS C [m), k € [K]

We notice that at the maximum, wj;(t;;) must be equal t0 3 Jg.ic5 D ke U(Sk) e ((t”)) if y;(ti;) > 0, and
B ij ’Lj
0 otherwise. (O1) is equivalent to (denote y;(t;;)* = max{y;(¢;;),0}):

(02)  masx Yy ((tig) - mig(t) + (1) wi(ty))

JeQ
s.t. Z Z U(Sk)
SC[m] ke[K]
mi;(t Z Z a Vj € [m]
S:jES ke[K]

wt) = Y A )> v € [l

S:jeS ke[K]

or equivalently

SC[m] ke[K] jesn
s.t. Z Z U(Sk) <1
SClm] ke[K)
o >0 S C [m],k € [K]

Clearly, to solve (Os), it suffices to find S* C @) and k* € [K] that lies in

Lol ()
arg max Z y;(tij) v + x;(tj)
SCQ,ke[K}jeS Z]( Z])

(E) t;i
We notice that since y;(t;;)" - O;}?v(i”])) > 0 for every j, k, thus j € S* for every j such that z;(t;;) > 0.
1y \lig

Consider the vector b € R’ and p € R’ such that for each j € [m],

po = Yiltig)t ]t ey () <0, jeq
SERCICOER £ j#Q
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Then (S*,k*) € argmax}_; g (bjagf) (tij) — pj), which can be achieved by a single query to the
adjustable demand oracle with input (¢;,b,p). Now the corresponding vector (7}, w;) can be computed
according to (O3), with ng) =1[S = S*U S Ak =k*], where S := {j € [m] : z;(t;;) > 0}. ¥

Finally, the bit complexity of each coordinate of (7}, w}) is at most O(b), which implies that the bit
complexity of (7}, w) is at most O (bT). O

Corollary 2. Let T = ZZE[H > e elm] |Tij| and b be the bit complexity of the instance. For any t; € T;, Wg(e)
has vertex-complexity O(bT).

E.2.2 Proof of Theorem 12
Choose parameter € = % and any k£ = ) <T4 (Tb +log (1/¢) 4+ nlog(1/ 5))> Hence, in this proof, 1 —

el =1/2. Let ﬁ be the empirical distribution induced by N = F’z_#—‘ independent samples from D;. Let

Wﬁ(e) be the mixture of {Wt }tieTi over the empirical distribution BZ By Corollary 2, the bit complexity

of each corner of polytopes in {Wg(e)}tie’n is at most O(T'b). By Theorem 9, with probability at least
1 —2Te 2Tk > 1 — §, both of the following properties hold:

tr(e)

(i) For each (7;,w;) € Wﬁ(e) there exists a (m;, w;) € W, such that ||(7;, W;) — (75, w;)||oo <

[elf0]

(ii) For each (m;, w;) € VVitr(e), there exists a (7;, W;) € /VI?:T(&) such that ||(7;, W;) — (74, w;)]]oo <

[elf0]

For the rest of the proof, we condition on the event where both properties above hold. Let W/ = %VV;T@ +
%Wibox(a). Consider the polytope W, = %Witr(a) + %Wibox(e). We are going to show that for each (m;, w;) €

W/, there exists a (7;, w;) € /WZ such that for all j,t;;,
c 15
4’4\

iz (tij) c [l,ﬂ and Wi (tiy)
mij(tiy) 472 wi;(tij)
It is not hard to see that this implies Property 2 in the statement of Theorem 12, as W/ = %W;T(E) +
%Wibom(e) D) iWi(due to Lemma 23 and our choice of ¢).
For any (m;, w;) € W/, we rewrite (m;,w;) as 3 (7f", wi") + £ (7%, w?o®) where (7!", wi") € Wtr(a)

(mhor wbor) ¢ %VV;’M(E). For every j € [m], we partition 7;; into four disjoint sets:

SV ={tij € Tij : fisltig) > € Ne < wij(tiy) < mis(tiy)}
SJ@ ={ti; € Tij * fi;( e N wij(tiy) <€ < mij(ti)}
( € N\ wij (tw) < mij(tiy) < e}
(

e}

)
tij) >
5(-3) ={tij € Tij = fij(ti) =
5<4 ={ti; € Tij : fij(tij) <

By property (ii), there exists a (7!", w!") € W;T(E) such that for all j € [m] and t;; € T;;:

“'Both al(.f*) (tiz) and Vi;(t;;) = maxy oz( )(tlj) can be computed with O(1) queries to the adjustable demand oracle.
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Now consider the following vector (7", @!") € [0, 1]? 2jetm [Tl

Atr(tw) if tij € Sj(l) U Sj(z)

=~
Z;(tw) 0 0.W.
@ty ifty e Sy
Wy (tw) =
0 0.W.

In other words,
(75 (tig), Wi (tig)) = (55 (tig) - Wmgj(tig) > €], @5 (t7) - L[wiz(tig) > €]),

and (7", wi") € Wtr(a)
Consider another vector (72°%, wP°*) € [0, 1)2 2jeim) Tl

. 1 4
. . (Trg)]om(tlj) wg’;m(tij)) if ti; € 5%2; U SJ( )
(7" (tig), wii™ (i) =  (wij(ti5)/2, w035 (ti5)/2)  iftij € S
. 3
(migt) /2,03 (8)/2) ity € )7
For every j € [m] and t;; € T;;, clearly Fbox( ) > wbox(tw) since wfj‘“(t ) > wg’jox(tij) and ;;(ti;) >
w;j(ti;). Moreover, if t;; € S(l) U 5(4), T (i) = wPT(tiy) < 5 - min{e, fi;(ti;)}, since (2o, wboT) €

%Wibom(e). If t;; € S](- U S](-?)), by the definitions of S](- ) and S]( ), we have that wbox(tw) <e2=1-
min{e, fi;(t;;)}. Thus (707, @ter) € L") Now define (7;, @;) = (7", @) + L (7o, @bo™). Then
(7, w;) € W;. It remains to prove that (;, w;) satisfies: for all j,¢;;

mij(tig) [1 3} and ialtis) [})ﬁ}

mij(ti) (472 wij(tiy) — 1474

We verify all cases based on which set ¢;; is in.

Casel: t;; € SJ(.l). Recall that for ¢;; € S( ) e< w;;(ti;) < mi;(ti;). We have that
Tij(ti) — mij(tig) = 5 (7

According to property (i), 5 (717 (tij) ==l (tij)) € [=5, 5], s0 5 (715 (tij) =l (t:;)) also lies in [——mffij) , Dl Ef”) ]-
Similarly,

wij(tij) — wij(tij) =

Hence,
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Case 2: tij S Sj(-z). Recall that &;ij(tij) = % . wij(tij) and %ij(tij) 4 wlj( 2]) + 2 7T (tw) We have
that

tr (t ) € 3
Wij (tij) + ”2 k + Z < Wz](tm)

-

Tij(tij) <

wtr iq
The first inequality follows from property (ii), and the second inequality follows from 7;;(t;;) = — ;t s) +

bo:c tr(s. .
2(%) > T ét”) and w;;(t;;) < e < m;(ti;) when t;; € S](?). We also have that
) ) . my) -1
mij(tij) = ”22] > ”22] =5 = milty) — ”TU = 2 milty) — 5 = gmi(tiy)

The first inequality follows from the non-negativity of 7Tbox (ti;); the second inequality follows from property
(i1); the third inequality is due to the fact that wbox(tlj) < €/2; the last inequality is because € < 7;;(t;5).

Hence, B B
mi(tig) [1 3] g Dultiy) _ 1
mij(tiy) (272 wij(tij)

Case 3: tij S Sj(g) @] 53(4)' Recall that when tij c S(g) %ij(t'j) = % . Wij(t'j) and '{Dij(tij) = % . wij(tij).
4
When tij S S() as fij(tij) < g, wf;(t”) = 7th( ) = 0. Thus 771]( ]) = %ﬂ'?j‘?w(tij) = Wij(tij)’ and
wij(tij) = %wa “(tij) = wij (ti;)-
To sum up, we have argued that for each (7;, w;) € W/, there exists a (7;, w;) € W; such that for all j, ¢;;,
mij(tig) [l,ﬂ and Wialtiy) [1 5}
mij(tij) 42 wij(tiy) 1474

28

With a similar analysis, we can also show that for each (7;, w;) € WZ-, there exists a (m;, w;) € W/

such that for all j,;;,

) ([L3] g i) ([15]
Wij(tij) 4’ 2 wij(tij) 4" 4
Thus Property 1 in the statement of Theorem 12 follows from the fact that W/ = %Witr(a) + %Wibox(a) C
W; (Lemma 23).
Let {tgl), ey tl(-N)} be the N samples from D;. Then

W=y % : Wt(lg '+ Wb“"(a)
L€[N]
is the Minkowski addition of NV + 1 polytopes. For Property 3 of the statement, since the vertex-complexity of
Wti_r(a) is O(bT) for each t; (Corollary 2), and the vertex-complexity of Wibox(a) is no more than poly(b, T'),
the vertex-complexity of WZ is no more than poly(n,m, T, b,log(1/4)).
At last, we show the existence of an efficient separation oracle SO for W, by efficiently optimizing any

linear objective over WZ Since /WZ is the Minkowski addition of polytopes {W;&gs)} ¢e[n] and Wibom(e), in

**We only need to switch the role of (7;, w;) and (m;, w;). We provide a brief sketch here. First, rewrite (7, @;) as 5 (71", @;") +

(7T, wy°r), where (7{", Wi") € Wi”(s) and (7207, WLo%) € éWibm”(E). Also, redefine SJ(- ) in the same fashion but according
to (m,wl). Take (7!, w!i") € W;T(s) to be the point guaranteed to exist by property (i), and define (7} (ti;), @i (Lij)) =
(7 (tiz) - L[mij(tiz) > €], wif (ts;) - L[ws;(ts;) > €]). Also, define ( bo”(tlj) wy?” (ti;)) according to which set ¢;; belongs to

in a fashion similar to the proof above. Now define (7;, w;) = 35 I(mlr, u'/f’") +35 (71{"””7 w?®®). Using a similar case analysis, we can

prove the claim that Tr”x”; € [4, 2] and ZZEZZ; € [Z Z] forall j € [m] and t;; € Tsj.
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order to maximize over W, it’s sufficient to maximize over each polytope. By Lemma 24, we can efficiently

()

optimize any linear objective over th; for every t;, given the adjustable demand oracle and value oracle.

Thus it is sufficient to solve max{x - m; + y - w; : (m;, w;) € Wibox(e)} for any vector x, y. Since in Wibox(a),
the constraint for each coordinate (7,;;) is separate: 0 < wj;(t;;) < m;;(t;;) < min(e, fi;(i;)). Thus the

optimum can be achieved by solving the following LP for every coordinate:

max  x;(ti;) - mij(tig) + y;(tig) - wiz(tig)
st 0 <wij(tiy) < miy(tiy) < min(e, fij(ti;))

Note that the bit complexity of the output of our optimization algorithm is poly(n, m, T, b,log(1/4)). Thus

by Theorem 10, there exists a separation oracle SO of Wi, that satisfies Property 4 in the statement of Theo-
rem 12.

E.3 Putting Everything Together

In this section, we put all pieces together and provide a complete proof of Theorem 11. Denote (P) the
LP in Figure 4 and OPTp the optimal objective of (P). We consider another LP denoted as (P’). In
(P'), in addition to all variables in (P), we introduce new variables 7; = {7;;(ti;)}je[m],¢;;e7;; and W; =
{Wij(tij) }jepm) 1;eT;, for every i € [n]. Both (P) and (P') have the same objective function. The only
difference between (P) and (P’) is that in (P’), we replace Constraint (1) with the following constraints:

~ o~ = 3. 1. .
Constraint (1') :  (7;, ;) € Wy, m; > i >0,w; < 700 Vi € [n].

Here W, is the proxy polytope from Theorem 12 for each i € [n]. Both inequalities hold coordinate-wisely.
Denote OPT] p the optimal objective of (P’). By Property 4 of Theorem 12, there exists an efficient separation

oracle for each W, Thus we can solve (P’) in polynomial time using the Ellipsoid algorithm (Theorem 5).
The following lemma shows the relationship between (P) and (P”).

Lemma 25. Suppose for every i € [n], /I/T?Z satisfies the properties in Theorem 12. Then

o For any feasible solution (7, w, T, W, A, A, d) to (P"), there exists ™ € |0, 1]22'»1' Tl such that (T, w, A, A, d)
is a feasible solution to (P).

« OPTLp < 64 - OPT} p.

Proof. We prove the first part of the statement. Let (7, w, T, W, A, A, d) be any feasible solution to (P’). Then
for every i € [n], (T;, w;) € W;. By Property 1 of Theorem 12, there exists a (7;, w;) € W; such that for each
J € [m] and t;; € Tyj,

~ 3. ~ 1.

mij(tiy) < 57 (ti) < mij(tyy) - wis(tiy) 2 70 (ti5) 2 wis(tiy)

Let 7 = {7; };c[n)- We are going to show that (7, w, A, )\, d) is a feasible solution to (P) by verifying all
constraints. For Constraint (1), since (7;, w;) € W; and w;;(t;;) < w;;(ti;), Vj,ti;, thus by Definition 14
(7, wi) € Wi R

For Constraint (2), since (7, w, 7,0, A, A, d) is a feasible solution to (P’), for every j € [m],

Z Z Tij(tij) < Z Z mi;(tij) < 1.

it €T it €T

Furthermore, Constraints (3) —(9) are clearly satisfied since (7, w, &, 0, A, ), d) is a feasible solution to (P’).
Thus (7, w, A, A, d) is a feasible solution to (P).
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Now we prove the second part of the statement. Let (7%, w*, \*, 5\*, d*) be any optimal feasible solution
to (P). For every buyer i, (7}, w}) € W;. By Property 2 of Theorem 12, there exists a (7;, w;) € W; such

that for every j,t;;,
3

~ ~ 1
Tij(tiy) < omitiy),  Wij(tij) = —wi;(tij)
8 16
We are going to show that ( %71 w = 61411)*,7%,2[), A= 6—14)\*, A= 5\*, d= d*) is a feasible solution to

(P"), which implies that OPT} p > OPTyp/64. Firstly, for each i € [n], (7;, ;) € W; and
3. 1 1_.

7Ti:§7Ti7 wi:6_4 <Z

Thus Constraint (1’) is satisfied. For Constraint (2), since (7*,w*, A*, \*, d*) is a feasible solution to (P),
we have that for every j,

o> mlt)=> > 77” ZZ 9 <5 <!

i€[n] tij €Tij i€[n] ti; G'ﬁj i€[n] ti; GT]

Ne)

One can easily verify that when (7*, w*, \*, \*, d*) is a feasible solution to (P), (61477 , 64w , 614 M* A d*)

is also a feasible solution to (P), which implies that (ﬂ', w, 7, W, \, A, d) satisfies Constraints (3) — (9). Thus

<7T, w, T, W, A, ;\, d) is a feasible solution to (P’). The objective of the solution is a 6—14—fraction of the objec-

tive of (7*, w*, \*, 5\*, d*) since A = 6—14)\*, which concludes the proof.
O

Now we are ready to give the proof of Theorem 11.
Proof of Theorem 11: .

We consider a fixed 6 € (0,1). For each i € [n], let W; be the proxy polytope for the single-bidder
marginal reduced form polytope W; that is constructed in Theorem 12 with parameter ¢’ = %. Let & be

the event that the RPP mechanism computed in Lemma 2 has revenue PREV = Q(PREV), and let &, be the
event that for each i € [n], the proxy polytope Wi, satisfies the properties in Theorem 12. By the union bound
combined with Lemma 2 and Theorem 12, with probability at least 1 — ¢ — % both events happen.

We condition on the event that both £ and & happens. By Theorem 5 and Property 3 and 4 of The-
orem 12, there exists an algorithm that solves the LP (P’) in time poly(n,m,T,b,log(1/4)), given access
to the adjustable demand oracle and value oracle for all buyers’ valuations. Let (7%, w*, 7%, w*, \*, 5\*, d)
be an optimal solution to (P’). By Lemma 2, Lemma 25 and Lemma 5, OPT < 28PREV + 40PT;p <
_nm_189 . PREV + 256 - OPT/,

Lemma 25 also guarantees the existence of 7 € [0, 1]22'»1' 751 such that (, w*, ¥, N, d*) is a feasible
solution to (P). Although we do not know the value 7, it turns out sufficient to know A\* to compute a
simple and approximately optimal mechanism. We compute the prices {Q; }je[m} using A\* according to
Definition 15. In particular,

* 1 *
Q=3 > > filti) - Viity) - Y At Bigy 643) - 1Vij(ti) < B + 8ig),
1€[n] ti; €745 B(SZJGE)ZLJ
ij

and

2> Q;=O0PTp
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According to Theorem 6, we can construct a two-part tariff mechanism Mpr with prices {Q;k }je[m} and a
rationed posted price mechanism Mpp (computed in Lemma 2) in time poly(n, m,T"), such that

OPTyp =2 Y  Q} = O(REV(Mrpr)) + O(PREV).
j€lm]
To sum up, we can compute in time poly(n,m, T, b,log(1/d)) a two-part tariff mechanism Mrpr and

a rationed posted price mechanism Mopp, such that OPT < ¢; - REV(Mpp) + c2 - REV(Mrpr) for some
absolute constants ¢y, ¢ > 0 with probability at least 1 — § — —=. O

nm’

F Missing Details from Section 4

Definition 30. The Kolmogorov distance between two distributions D and D supported on R is defined as

dg(D,D) = sup |Pr[t < 2] — Pr[t < 2]
z€R |t~D i~D

We need the following robustness result from Cai and Daskalakis [CD17].

Theorem 13 (Theorem 3 in [CD17]). Suppose all bidders’ valuations are constrained additive. Let M
be a Sequential Posted Price with Entry Fee Mechanism (as defined in Mechanism 3 *°) whose prices are
{pij Yicin),jepm) and its entry fee function for the i-th bidder is §; : 2l s R Iffor eachi € [n) and j € [m)
we have di (D;j, ﬁw) < ¢, and D; j and ﬁ” are both supported on [0, 1] (that is when each bidder’s value
for a single item is at most 1), then

IREV(M, D) — REV(M, D)| < 4nm’e,

where REV(M, D) and REV (M, 73) are the revenues of M under D = X, ; D;; and D= Xij YSU respec-
tively.

Mechanism 3  Sequential Posted Price with Entry Fee Mechanism (SPEM)
0: Before the mechanism starts, the seller decides on a collection of {p;; }ic[n],je[m] and a collection of entry

fee functions {&;(-) }icpn), where & : olml — R is buyer i’s entry fee.

1: Bidders arrive sequentially in the lexicographical order.
2: When buyer i arrive, the seller shows her the set of available items S C [m], as well as their prices
{pij}jes and asks buyer i to pay an entry fee of &;(S). Note that S is the set of items that are not
purchased by the first ¢ — 1 buyers.
if Bidder 7 pays the entry fee 0;(.5) then

i receives her favorite bundle S} and pays jes: Pij-

S« S\S;.
else

7 gets nothing and pays 0.
end if

e A S

Lemma 26. Suppose all bidders’ valuations are constrained additive. If for each i € [n] and j € [m] we
have dg (D;;, Dij) < ¢, and D; ; and D; ; are both supported on [0, 1] (that is when each bidder’s value for
a single item is at most 1), then

OPT(D)

¢1 - OPT(D) — O(nm?) < OPT(D) < o

+ O(nm?e)

PIndeed the result holds for any buyers’ order, we choose the lexicographical order to keep the notation light.
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for some absolute constant cy,c > 0, where OPT(D) (or OPT(?S) ) is the optimal revenue for distribution
D = Xi,j Dij (OI”D = Xi,j DZ])

Proof. Let My, My be the optimal RPP and TPT for D, and we denote their revenue as REV (M), REV(M2)
respectively. Let M3, M, be the optimal RPP and TPT for D, and we denote their revenue as REV(M3),
REV(M,) respectively. Since any TPT is a SPEM, by Theorem 13, we know that |[REV (M) — REV(My)| <
dnm?e, as

REV(My) > REV(My, D) > REV(M,, D) — 4nm?e = REV(My) — 4nm?e,

and
REV(M;) > REV(My, D) > REV(My, D) — 4nm’e = REV(M,) — dnm’e.

Similarly, since any RPP is also a SPEM if we treat the buyers’ valuation as Unit-Demand, we have |REV (M;)—
REV(M3)| < 4nm?e. By Lemma 1, max{REV(M;),REV(M;)} > Q(OPT(D)). Hence, OPT(D) >
max{REV(M3), REV(My)} > max{REV(Ml) REV(Ms3)} — 4nm?e > Q(OPT(D)) — 4nm?c. Similarly,
OPT(D) > Q(OPT(D)) — 4nm?e.

O

Proof of Theorem 4: For each D;;, we first take O <1°g("m/ 6)> samples. Let Bij be the uniform distribution

over the samples. By the union bound and the DKW inequality [DKW56], dg (D;;, D; j) < eforalli € [n]
and j € [m] with probability at least 1 — §. Now we run the algorithm from Theorem 1 on X, DU and
let M be the computed mechanism. Note that REV (M, D) the revenue of M under D = >< D”,

Q(OPT(D)) - the optimal revenue for distribution D. By Theorem 13, REV(M, D) > REV(M D) —
O(nm?c). By Lemma 26, OPT(D) > Q(OPT(D)) — O(nm?e). Chaining the ineuqalities together, we have
that REV(M, D) > Q(OPT(D)) — O(nm?e). O

G Counterexample for Adjustable Demand Oracle

For XOS valuations, our algorithm for constructing the simple mechanism requires access to a special ad-
justable demand oracle ADEM;(+, -, -). Readers may wonder if this enhanced oracle (rather than a demand
oracle) is necessary to prove our result. In this section we show that (even an approximation of) ADEM; can
not be implemented using polynomial number of queries from the value oracle, demand oracle and a classic
XOS oracle. All the oracles are defined as follows. Throughout this section, we only consider a single buyer

and thus drop the subscript 7. Recall that the XOS valuation v(-) satisfies that v(S) = maxj¢ k] {Z jes ag-k) }

for every set .S, where {ag»k)} je[m) 1s the k-th additive function.
* Demand Oracle (DEM): takes a price vector p € R™ as input, and outputs
S* € arg maxgciy (’U(S) - Zjespj)-
* XOS Oracle (X0s): takes a set S C [m] as input, and outputs the k*-th additive function {ag»k*)} jelm]»
where k* € arg max¢ (g {Zjes ag-k) }

* Value Oracle: takes a set S C [m] as input, and outputs v(S). We notice that a value oracle can be
easily simulated with an XOS oracle. Thus we focus on XOS oracles for the rest of this section.

* Adjustable Demand Oracle (ADEM): takes a coefficient vector b € R™ and a price vector p € R™ as in-
* k* * * k
puts, and outputs (S ,{a§ )}je[m]) where (5%, k*) € arg maxgc ] ke[| {Zjes bjag- ) Zjespj}-
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An (approximate) implementation of ADEM is an algorithm that takes inputs b, p € R™, and outputs a
set S C [m] and k € [K]. The algorithm has access to the demand oracle and XOS oracle of v. We denote
ALG(v, b, p) the output of the algorithm. For any & > 1, ALG is an c-approximation to ADEM if for every
XOS valuation v and every b, p € R™, the algorithm outputs (S, k') that satisfies:

Sg[%é]fg[}(} jezs bjag,k) _ ij S - Z bja§k/) _ Z pj

jes JeS jes’

In Theorem 14 we show that we cannot approximate the output of an Adjustable Demand Oracle within
any finite factor, if we are permitted to query polynomial many times the XOS, Value and Demand Oracle.

Theorem 14. Given any o > 1, there does not exist an implementation of ADEM (denoted as ALG) that
satisfies both of the following properties:

1. For any XOS valuation v over m items, ALG makes poly(m) queries to the value oracle, the demand
oracle and XOS oracle of v, and runs in time poly(m,b). Here b is the bit complexity of the problem
instance (See Definition 3).

2. ALG is an a-approximation to ADEM.

Proof. Recall that a value oracle can be easily simulated with an XOS oracle. Thus we only argue for demand
queries and XOS queries. For the sake of contradiction, assume there exists such an algorithm ALG. Let
¢ > e be an arbitrary even integer. Let m = 2¢. Denote by L = ( 452). We decompose the items into two
sets S; ={1,...,¢}and So = {0+ 1,...,m}.

We consider an XOS valuation v generated by 2¢ additive functions denoted by {&g.k) }j€lm],ke[2¢) Param-
eterized by variables ¢, ¢ such that 0 < (¢ +1)¢’ <& < . Fork=1,...,¢and j € [m]:

j—i—&?—i—(l—%)a’ ifj =k

0 otherwise

al

Fork=/¢+1,...,2¢ and j € [m], define

] ifj=k—¢
al” = {0 ifjeSiandj £k — 0
2.6 ifjeS

Next, we introduce a family of XOS valuations {v; },¢(r] over m items. For every , the valuation v, is
generated by K = 2/ + 1 additive functions, denoted as {aiky) }ieim), Yk € [K]. We define all the additive

functions as follows (and hence v, is defined as v, (S) = maxye(x] D e s ag? VS C [m]):

For k € [2(]: Forevery r € [L] and j € [m], define
aB) — 5k

r.J J
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For k = 2¢ + 1: Take any bijective mapping C between [L] and subsets of S5 of size é. For every r € [L],
define
1 ifjeSiandj #/¢
(20+1) _ 14¢ ifj=1¢
" 2. ifjec(r)
0 if j € So\C(r)

In the following lemmas, we prove that given access to both the XOS and Demand oracle, the algorithm
can not distinguish between valuations v, and v, unless the algorithm knows C(r) (or r).

(2e+1

Lemma 27. For any r € [L] and any nonempty set S C [m], > .cq @, > D ies a” forall k € [20] if
and only if S = S1 UC(r). Hence for any r € [¢] and any nonempty set S C [m],
(264+1)y q
XOS(’UT, S) _ {OZ }je[m] lfS S1U C(?")
XOS(v, S) otherwise

Proof. Let j* = max{j : j € S; N S} (define it to be 0 if S N S; = 0)). We consider the following cases:

e Case 1: SNS; =0. Then S C Sy. Forany k* =0+ 1,...,20,

Za%‘) = Z %g > Z %E/ > Z %E/ _ Zagjﬂl)

jes jes = jesnc(r) jes

= (). Then S C S7 and S N Sy # (), which implies that j* > 0. We have

e Case2: SN Sy
1 J*
:j*+e+<1——>e’>j*+s

5ol g WERE Wi

JES j=1 jES

Here the second last inequality follows from the fact that S C S and a(%H)

(2Z+1)

= 1forevery j € S1/{¢}

and o = 1 + ¢. The last inequality follows from the definition of j*.

e Case3: 51 Z S,5NS; #(0and SN Sy # (). We have that

Zo/ﬂ ="+ Z —E>] - Z

JES ]ESzﬂS

(26+1)
2oy el

]ESQOS jeSs

The last inequality follows from the fact that > . jesns: a(%H) < j* If j* #£ 4, then a(%H) =1,Vj €
SN S I §* = C,since S1 8. Y jegns, by \SmSl\ te<(t—1)+e<t

» Case 4: S; C Sand SN Sy #C(r). We have

Sl =

JES

Ly 2, (20+1)
€+€+<1—z>a >(€+€)+.Z &= Do
jec(r)ns jES

Here the inequality is because: C(r) NS # C(r), then |C(r) N S| < g — 1, which implies that
Yjectns 7€' < (‘ - 1) 7€' < (1 - %) ¢’
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* Case 5: Sy C Sand SN Sy = C(r). Recall that |C(r)| = 5. We notice that >, g a(%H) ={+e+¢.
On the other hand,

1 (20+1)
glea[u;](j a Za —€+€+<1—z>6 <Za

J€eSs jeSs

and

max ozfnk-) = (26 =/{+ E oz(% =fl+e< E oz(%Jrl
0<k<2l < J ,
J€eS Jjes jeC(r) jes

We have proved the first part of the statement. The second part of the statement then follows by noticing
that the first 2/ additive functions of v, and v are exactly the same. O

Lemma 28. For any r € [L] and any set of prices p € R such that {j € Sz : p; < 2¢'} < C(r), we have
DEM(v,, p) = DEM(7, p).

Proof. Recall that

DEM(v,, p) € argmax ¢ v, (S Zp] = argmax { max (ay? s 2)
SC[m] ies SC[m] ke[K]jes ’

We notice that valuations v, and v differ only in the (2¢ 4 1)-th additive valuation (with coefficients

{a (26+1) }je[m])' Thus by Lemma 27, DEM(v,, p) = DEM(7, p) unless S* = S; UC(r) is the favorite bundle
for Valuation v, at price p, i.e.

(2¢+1) . (k) )
Z (ar,j —pj) = Sg%%‘emzmr,j — ;)

JESL1UC(r) jes

Let So = {j € Sy : pj < 2&'}. Firstly, if C(r) € So, then there exists j € S such that p; > 2¢’. Since
o) = 2¢ yj e C(r), we have

7‘7-7

20+1 20+1 k

E (a£7j+ ) —pj) < E (af«,jJr ) —pj) < 5c max E (a, ( ) - ),

. . Clm]ke[K]~
JES1UC(r) F€S1U(C(r)NSo) jes

which implies that DEM(v,, p) = DEM(7, p). It remains to consider the case where C(r) C Sp and
C(r) # Sp. We have

20+1 20+1)
S @ ems e Sps 3 ol mtees St
FESIUC(r) jes jec(r jes

(2Z+1)

Here the first inequality follows from Z jes, @ = (+eandp; > 0,Vj € C(r). And the equality follows

from 3 e @ 9“1 IC(r)| - 2¢/ = £/2 - 2¢’ = £'. On the other hand,
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> @ =) —E—ZpﬂrZ( —pj>

JES1US) JEST 7J€So
>€—Zp]+z<a——€'>
JES1 Jj€So
14 2 2
S P (N N (e
> Zp]+<2+><€€ ea)
JESL
2
:g—zpj+8—€/+z(8—6,)
JEST

2
>€—ij—l—s—z—:’—l—z((ﬁ—l—l)s’—s')

JESL

=l+et+e =D p

JES1

Here the first inequality follows from p; < %E/ a(zf) = %5 for j € Sy. The second inequality follows from
|So| > g + 1, since |C(r)| = %, C(r) C Sp, and C(r) # Sp. The third inequality follows from our choice of ¢

and ¢’ such that ¢ > (¢ + 1)&’. Thus,

(20+1) (20) k)
Yo Ao =)< Y (o —pj)ésg[g]?lfe[K}Z( - p))

FESTUC(r) j€S1USH jES
which implies that DEM(v,., p) = DEM(7, p). O
To complete the proof of Theorem 14, set ¢ = 0.1 and ¢/ = %. We notice that the bit com-

plexity of our input is b = O(poly(¢)) for any valuation v,. Now consider the coefficient vector ¢ =
(1,1/2,...,1/¢,0,...,0) with price vector p = 0. For any valuation v, in the family, clearly ADEM will
select the whole set [m] since all coefficients are non-negative.

For any k € [2/], ) cjaff? <1l4+e+ (1 — %) ¢’ < 2. On the other hand, when k = 2¢ + 1, since

¢ > e2* we have

2Z+1 k ~(k
Z cjo Z -1 >1log(l) >2a > - kl;g%}il Z cjag’j) = ml?x Z cjag. )
96[5 Jjelm] j€im]

JEIm]

Thus informally speaking, to obtain an a-approximation to ADEM for every valuation v,., the algorithm
needs to distinguish v, from v by identifying the (2¢ 4+ 1)-th additive function. By Lemmas 27 and 28,
the algorithm must be able to identify r or C(r). However, there are L = ( ’ /2) different valuations in the
family {fur}re[ 1)- Thus there must exist one v, such that the algorithm can not distinguish v, from ¥ within
poly(£) = poly(m, b) queries to both oracles.

Formally, consider the execution of ALG on valuation . Let () be the total number of queries during the
execution and define set SU), ..., S(@ C [m] as follows: For every ¢ € [Q)], if the g-th query is an XOS

query, deﬁne S(4) as the input set to the XOS oracle; If it’s a demand query, let S(@ = ={jeSy: p( 9 < 26/ 1

where p(9) = {p } je[m] 1s the input price vector to the demand oracle. Recall that m = 2¢ and b = poly(¢),
we have () = poly(m,b) < L = (é /2) for sufficiently large ¢. Thus there exists some r* € [L] such that
C(r*) # So N S for any ¢ € [Q]. By Lemma 27, we have that X0s (7, 5@) = Xo0s(v,, @) and by
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Lemma 28 we have that DEM (7, p(9) = DEM(v,,, p9)) for any ¢ € [Q]. This implies that the execution (and

thus output) of ALG on input valuation v is exactly the same as its execution on v,.«.

We notice that from the above calculation, maxy, {Zje[m] cjayf?j} > Zje[e} % > log(¢) > 2a, while

maxy, {Zje[m] cja§k)} = maXy.o/4+1 {Zje[m} cjayf?j} < 2. Thus on input (vy+,c), ALG achieves
less than a é—fraction of the optimal objective from ADEM, contradicting with the fact that ALG is an a-
approximation to ADEM. U
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